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Abstract

Let ϕ be an analytic map that takes the open unit disk of C into itself. The com-

position operator Cϕ, acting on either the Hardy space H2 or one of the weighted

Bergman spaces A2
α, is defined by the rule

Cϕ(f) = f ◦ ϕ.

Every composition operator is bounded on each of these spaces, but the exact value

of its norm is rarely known. In view of this situation, we consider several problems

relating to this basic, yet elusive question. Our strategy for studying ‖Cϕ‖ centers

around determining the spectrum of the operator C∗
ϕCϕ. We obtain our most sub-

stantial results in the context of H2, in particular for a composition operator induced

by a linear fractional map:

• We determine the conditions under which ‖Cϕ‖ is given by the action of either

Cϕ or C∗
ϕ on the reproducing kernel functions of H2.

• Assuming a specific set of conditions on ϕ, we describe ‖Cϕ‖ in terms of the

zeros of a particular polynomial.

• We obtain several results, in the case where ϕ(0) = 0, pertaining to the norm

of Cϕ acting on various subspaces of H2.
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Introductory Remarks

This thesis considers questions relating to the norm of a composition operator Cϕ

acting on various Hilbert spaces of analytic functions.

• Chapter 1 defines our basic objects of study: functional Hilbert spaces, repro-

ducing kernel functions, and composition operators. We outline our general

strategy for determining the norm of an operator. The quantities Sϕ and S∗ϕ

are discussed for the first time.

• Chapter 2 introduces the particular Hilbert spaces in which we are most inter-

ested: the Hardy space H2 and the weighted Bergman spaces A2
α. We discuss

the essential norm of a composition operator acting on one of these spaces, as

well as the quantities Sϕ and S∗ϕ. We briefly consider multiplication operators

and define the Banach spaces Hp and Ap
α.

• Chapter 3, which deals with composition operators induced by linear fractional

maps, provides the foundation for much of our subsequent work. Having derived

Cowen’s adjoint formula, we establish a useful representation for the operator

C∗
ϕCϕ : H2 → H2. We apply this result to obtain information about Sϕ and S∗ϕ.
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• Chapter 4 considers the spectrum of an operator which “locally resembles” a

weighted composition operator. We use these results to determine the norm of

a composition operator whose symbol has the form ϕ(z) = az + b.

• Chapter 5 contains the most significant results of this thesis. We introduce

a class of linear fractional maps and determine the norm of a corresponding

operator Cϕ : H2 → H2. We identify the elements of H2 on which such an

operator attains its norm and give specific examples of maps belonging to this

class. Several related results are also discussed.

• Chapter 6 considers the norm of a composition operator acting on various sub-

spaces of H2. We pay particular attention to the situation where ϕ is a linear

fractional map.
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Chapter 1

Composition Operators on

Functional Hilbert Spaces

This chapter introduces the general concepts considered in this thesis: functional

Hilbert spaces, reproducing kernel functions, and composition operators. Section 1.2

outlines our basic strategy for obtaining results about the norm of an operator. The

chapter concludes with a brief discussion of Sϕ and S∗ϕ, the quantities we use to

describe the action of a composition operator (and its adjoint) on the reproducing

kernel functions of a functional Hilbert space.

1.1 Definitions

Let H be a nontrivial Hilbert space whose elements are functions on a set U . We

call H a functional Hilbert space if every point-evaluation functional is bounded on

H; that is, for every point w in U , the map λw : H → C defined by the rule

λw(f) = f(w)
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is continuous. In this case, for each w in U , the Riesz representation theorem guar-

antees the existence of a unique element Kw of H such that

〈f, Kw〉 = f(w)

for every f in H. These elements Kw are called the reproducing kernel functions for

H. Provided that we have an explicit representation for Kw, it is always easy to

compute its norm in H:

‖Kw‖ =
√
〈Kw, Kw〉 =

√
Kw(w).

We write kw to denote the normalized kernel function Kw/‖Kw‖.
Any element f of H that is orthogonal to each Kw has the property that

f(w) = 〈f, Kw〉 = 0

for every w in U , which means that f is identically 0; in other words, the kernel

functions span a dense subset of H. In general, for a subset W of U , we write KW to

denote the closed linear span of the kernel functions {Kw : w ∈ W}. The orthogonal

complement K⊥W is precisely the set of all functions in H that vanish on W .

The term reproducing kernel Hilbert space is a common synonym for functional

Hilbert space. If the elements of a functional Hilbert space H happen to be analytic

functions on an open subset U of Cn, we refer to H as a Hilbert space of analytic

functions .

Consider a functional Hilbert space H on a set U . Let ϕ be a self-map of U , that

is, a map taking U into U . The composition operator Cϕ on H is defined by the rule

Cϕ(f) = f ◦ ϕ.
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The map ϕ is referred to as the symbol of the composition operator Cϕ. It is easy

to see that every composition operator is linear; moreover, we make the following

observation:

Proposition 1.1 Any composition operator that takes H into H is automatically

bounded.

Proof. We shall appeal to the closed graph theorem. Suppose that {fn} is a sequence

of functions in H converging in norm to an element f ; suppose also that {Cϕ(fn)}
converges to some element g. Since each point-evaluation functional is bounded, the

functions fn converge pointwise to f ; therefore the functions Cϕ(fn) = fn◦ϕ converge

pointwise to Cϕ(f) = f ◦ ϕ. The sequence {Cϕ(fn)} must also converge pointwise to

g, which implies that g = Cϕ(f); hence our assertion follows.

While it is easy to describe a composition operator Cϕ, it is often difficult to

represent the adjoint C∗
ϕ explicitly. The adjoint does, however, have one particularly

useful property. Suppose that Cϕ is bounded on a functional Hilbert space H; observe

that

〈
f, C∗

ϕ(Kw)
〉

= 〈Cϕ(f), Kw〉 = 〈f ◦ ϕ,Kw〉 = f(ϕ(w)) = 〈f, Kϕ(w)〉

for each f in H. Consequently C∗
ϕ(Kw) = Kϕ(w) for every kernel function Kw.

1.2 The norm of an operator

Suppose that T is a bounded operator on a Hilbert (or Banach) space H. As long

as there is no ambiguity regarding the space on which T is acting, we simply write

‖T‖ to denote the norm of T ; we write ‖T : H → H‖ whenever we want to specify
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the underlying space explicitly. The main results of this thesis pertain to norms of

composition operators acting on various Hilbert spaces of analytic functions. In this

section, we develop a general method for dealing with questions relating to norms.

Let T be a bounded operator on a Hilbert space H. One reasonable strategy

for determining ‖T‖ is to investigate the spectrum of the operator T ∗T . Since T ∗T

is self-adjoint, its spectral radius equals ‖T ∗T‖ = ‖T‖2. The following observation

underscores the connection between the spectrum of T ∗T and the norm of T :

Proposition 1.2 Let h be an element of H; then ‖T (h)‖ = ‖T‖ ‖h‖ if and only if

(T ∗T )(h) = ‖T‖2 h.

This proposition can be proved with a straightforward Hilbert space argument, as

shown below, or can be deduced from other well-known results (e.g. Theorem III.43

in [17]).

Proof of Proposition 1.2. Suppose that (T ∗T )(h) = ‖T‖2 h; then

‖T (h)‖2 = 〈T (h), T (h)〉 = 〈(T ∗T )(h), h〉 =
〈‖T‖2 h, h

〉
= ‖T‖2 ‖h‖2 ,

as we had hoped to show.

Conversely, suppose that ‖T (h)‖ = ‖T‖ ‖h‖; then

‖T‖2 ‖h‖2 = ‖T (h)‖2 = 〈T (h), T (h)〉 = 〈(T ∗T )(h), h〉

≤ ‖(T ∗T )(h)‖ ‖h‖ ≤ ‖T‖2 ‖h‖2 .

In particular, the first inequality is an equality, which means that (T ∗T )(h) is a

scalar multiple of h; since ‖(T ∗T )(h)‖ = ‖T‖2 ‖h‖ and T ∗T is a positive operator, we

conclude that (T ∗T )(h) = ‖T‖2 h.
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Whenever ‖T (h)‖ = ‖T‖ ‖h‖ for h 6= 0, we say that the operator T attains its

norm on the element h.

Let B(H) denote the Banach algebra consisting of all bounded operators on H;

let B0(H) denote the closed ideal consisting of the compact operators. The quotient

B(H)/B0(H) is often called the Calkin algebra. We write ‖T‖e (or ‖T : H → H‖e) to

denote the essential norm of an operator T in B(H); that is,

‖T‖e = inf
K∈B0(H)

‖T −K‖.

The essential norm represents the distance between T and the compact operators; in

particular, ‖T‖e = 0 if and only if T itself is compact. One can also view ‖T‖e as being

the norm of the coset T + B0(H) in the Calkin algebra. The essential spectrum of T

is simply defined to be the spectrum of the element T + B0(H) in B(H)/B0(H); the

essential spectral radius of T , which we write re(T ), is the largest modulus belonging

to a point in the essential spectrum of T . One can easily show that the essential

spectrum of T is contained in the spectrum of T . Whenever T is a normal operator,

any point in the spectrum of T that does not belong to the essential spectrum must

be an eigenvalue of finite multiplicity (see Proposition XI.4.6 in [8]).

It is not difficult to show that ‖T ∗T‖e = ‖T‖2
e for any bounded operator T ; from

this fact, we can deduce that re(T ) = ‖T‖e whenever T is self-adjoint. Similarly,

recall that r(T ), the spectral radius of T , equals ‖T‖ for any self-adjoint operator. In

light of Proposition 1.2, our next observation follows easily:

Proposition 1.3 If ‖T‖e < ‖T‖, then T attains its norm on an element of H.

Proof. Consider the positive operator T ∗T ; observe that

re(T
∗T ) = ‖T ∗T‖e = ‖T‖2

e < ‖T‖2 = ‖T ∗T‖ = r(T ∗T ).
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Therefore ‖T‖2, the largest element of the spectrum of T ∗T , does not belong to

the essential spectrum; since any self-adjoint operator is normal, ‖T‖2 must be an

eigenvalue of finite multiplicity. Consequently T ∗T has an eigenvector corresponding

to ‖T‖2, on which the operator T attains its norm.

It is helpful to remember Proposition 1.3 when studying composition operators,

particularly since it is often easier to compute ‖Cϕ‖e than ‖Cϕ‖. As it happens, in

most of the cases where we already know ‖Cϕ‖ exactly (see Sections 2.1 and 2.2), the

operator has the property that ‖Cϕ‖e = ‖Cϕ‖, a condition sometimes called extremal

noncompactness .

1.3 The quantities Sϕ and S∗ϕ

Let H be a functional Hilbert space on a set U ; suppose that ϕ is a self-map of

U that induces a bounded composition operator on H. Recall that C∗
ϕ(Kw) = Kϕ(w)

for any kernel function Kw; it seems reasonable, when investigating ‖Cϕ‖, to consider

the action of C∗
ϕ on the reproducing kernel functions of H.

Define N to be the set of all w in U such that f(w) = 0 for each f in H. (For

many spaces, including those introduced in Chapter 2, the set N is empty. We shall

only encounter a few situations where N is nonempty: the spaces H2
(n), as defined in

Chapter 6, have the property that N = {0} whenever n ≥ 1.) Since Cϕ takes H into

H, the set ϕ(N) must be contained in N . The kernel function Kw is identically zero
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if and only if the point w belongs to N . We define the quantity

S∗ϕ = sup
w∈U\N

{∥∥C∗
ϕ(kw)

∥∥}
= sup

w∈U\N

{∥∥C∗
ϕ(Kw)

∥∥
‖Kw‖

}

= sup
w∈U\N

{∥∥Kϕ(w)

∥∥
‖Kw‖

}
= sup

w∈U\N

{√
Kϕ(w)(ϕ(w))

Kw(w)

}
.

Since C∗
ϕ(Kw) = Kϕ(w), the set {Kw : w ∈ ϕ−1(N)} consists precisely of those

reproducing kernel functions which belong to the kernel of C∗
ϕ. Therefore

S∗ϕ = sup
w∈U\N

{∥∥C∗
ϕ(Kw)

∥∥
‖Kw‖

}
= sup

w∈U\ϕ−1(N)

{∥∥C∗
ϕ(Kw)

∥∥
‖Kw‖

}
,

where the latter supremum is taken to be 0 if U = ϕ−1(N).

In similar fashion, we define

Sϕ = sup
w∈U\N

{‖Cϕ(kw)‖} = sup
w∈U\N

{‖Cϕ(Kw)‖
‖Kw‖

}
.

The values of Sϕ and S∗ϕ serve to quantify the actions of Cϕ and C∗
ϕ on the set of

reproducing kernel functions. Whenever Sϕ = ‖Cϕ‖, the norm of Cϕ is given by the

action of the operator on the kernel functions; likewise, when S∗ϕ = ‖Cϕ‖, the norm

is given by the action of C∗
ϕ on the kernel functions. While S∗ϕ is generally easier to

compute, the quantity Sϕ is more likely to equal ‖Cϕ‖. In fact, we have the following

result:

Proposition 1.4 Let Cϕ be a bounded composition operator on a functional Hilbert

space H; then S∗ϕ ≤ Sϕ.

Proof. We begin with a general observation. Let T be a bounded operator on H;

then, for any element f not in the kernel of T ,

‖T (f)‖
‖f‖ =

‖T (f)‖2

‖T (f)‖ ‖f‖ =
〈(T ∗T )(f), f〉
‖T (f)‖ ‖f‖ ≤ ‖(T ∗T )(f)‖ ‖f‖

‖T (f)‖ ‖f‖ =
‖T ∗(T (f))‖
‖T (f)‖ . (1.1)
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If U = ϕ−1(N), then S∗ϕ = 0; thus the claim of the proposition is trivially true.

Otherwise, applying (1.1) with T = C∗
ϕ and f from the set {Kw : w ∈ U \ ϕ−1(N)},

we see that

S∗ϕ = sup
w∈U\ϕ−1(N)

{∥∥C∗
ϕ(Kw)

∥∥
‖Kw‖

}
≤ sup

w∈U\ϕ−1(N)

{∥∥Cϕ

(
C∗

ϕ(Kw)
)∥∥

∥∥C∗
ϕ(Kw)

∥∥

}

= sup
w∈U\ϕ−1(N)

{∥∥Cϕ

(
Kϕ(w)

)∥∥
‖Kϕ(w)‖

}
≤ Sϕ,

as we had hoped to show.

The quantities Sϕ and S∗ϕ, under various names, have received a good deal of

attention in recent years. Several authors ([1], [2], [6], and [23]) have studied these

quantities in the context of the Hardy space H2. Proposition 1.4 in this section is a

straightforward generalization of Proposition 3.1 in [6]; the calculation of line (1.1)

appears as Proposition 2.15 in [23]. We shall revisit the quantities Sϕ and S∗ϕ in

Sections 2.4 and 3.3.
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Chapter 2

Hardy Spaces and Weighted

Bergman Spaces

Let D denote the open unit disk in the complex plane. For the remainder of this

thesis, we work with various Hilbert spaces of analytic functions on D. In particular,

we consider composition operators acting on the Hardy space H2 (the space for which

we obtain the most interesting results) and the weighted Bergman spaces A2
α. Sections

2.1 and 2.2 serve as a brief introduction to this material, providing relevant definitions

and general results. Section 2.3 summarizes much of what is known about the essential

norms of composition operators acting on these spaces. In Section 2.4, we address

the quantities Sϕ and S∗ϕ in the particular context of H2 and A2
α; much of this section

is a generalization of the work of Bourdon and Retsek [6]. The last two sections of

this chapter deal with topics which, although somewhat detached from the principal

concerns of this thesis, pertain to the overall issues in which we are interested.
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2.1 The Hardy space H2

The Hardy space H2 is the Hilbert space consisting of all analytic functions f(z) =

∑∞
n=0 anzn on D with

‖f‖2
2 =

∞∑
n=0

|an|2 < ∞,

where the inner product of two functions f(z) =
∑∞

n=0 anz
n and g(z) =

∑∞
n=0 bnzn is

defined

〈f, g〉 =
∞∑

n=0

anbn.

There are several other ways to express the Hardy space inner product: for example,

〈f, g〉 = lim
r↑1

∫ 2π

0

f
(
reiθ

)
g
(
reiθ

) dθ

2π

or

〈f, g〉 =

∫ 2π

0

f
(
eiθ

)
g
(
eiθ

) dθ

2π
,

where f and g are defined almost everywhere on ∂D via their radial limits (see, for

example, Sections 2.1 and 2.3 of [13]).

Every point-evaluation functional is bounded on H2, which means that H2 is a

Hilbert space of analytic functions on D. The reproducing kernel functions for the

Hardy space are easy to describe:

Kw(z) =
∞∑

n=0

wnzn =
1

1− wz
.

Therefore

‖Kw‖2 =
√

Kw(w) =

√
1

1− |w|2

and

kw(z) =
Kw(z)

‖Kw‖2

=

√
1− |w|2
1− wz

.
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The Hardy space has proved to be an especially popular environment for the study

of composition operators. The first publications on the subject ([20] and [25]) dealt

exclusively with composition operators on H2 (or the related Banach spaces Hp).

While mathematicians have subsequently considered composition operators acting on

a variety of spaces, the Hardy space still remains a particular focus of attention. As

we shall see, the techniques we use to prove our most interesting results depend on

properties which are peculiar to H2.

Any analytic map ϕ : D→ D induces a bounded composition operator on H2; in

fact, √
1

1− |ϕ(0)|2 ≤
∥∥Cϕ : H2 → H2

∥∥ ≤
√

1 + |ϕ(0)|
1− |ϕ(0)| . (2.1)

(See, for example, Corollary 3.7 in [11].) The upper bound follows from the Littlewood

subordination theorem [18]; the lower bound can be deduced from an argument similar

to that of Lemma 2.12. In general, though, there is no known procedure for computing

the norm of Cϕ on H2. We see from (2.1) that ‖Cϕ‖ = 1 whenever ϕ(0) = 0. There

are only a few other examples where we can determine the norm exactly; prior to the

author’s research, ‖Cϕ‖ was known for the following cases:

(1) ϕ is inner; that is, limr↑1
∣∣ϕ(

reiθ
)∣∣ = 1 for almost all θ in [0, 2π),

(2) ϕ(z) = az + b where |a|+ |b| ≤ 1,

(3) ϕ(z) = (r+s)z+(1−s)
r(1−s)z+(1+sr)

where 0 < s < 1 and 0 ≤ r ≤ 1.

Case (1) was established by Nordgren [20]. Cowen [9] was the first to calculate the

norm in case (2); we provide a new proof of his result in Section 4.2. We can compute

the norms in case (3) because the adjoints of the corresponding composition operators

are subnormal, a result due to Cowen and Kriete [10]. Cases (1) and (3) have the

property that ‖Cϕ‖ = ‖Cϕ‖e, as does case (2) when |a|+ |b| = 1.
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The inequalities in (2.1) are sharp; for any value of ϕ(0), there are particular

examples of ϕ for which ‖Cϕ‖ equals the upper bound and examples for which ‖Cϕ‖
equals the lower bound. As it turns out, there are only a few maps ϕ for which ‖Cϕ‖
achieves either extreme. When ϕ(0) = 0, the norm of Cϕ equals both the upper and

lower bound; suppose then that ϕ(0) 6= 0. In this case, Joel Shapiro [28] showed that

‖Cϕ‖ equals the upper bound if and only if ϕ is an inner function. On the other hand,

‖Cϕ‖ equals the lower bound if and only if ϕ is a constant map, as we shall show in

Lemma 2.12.

In the aforementioned cases where we know ‖Cϕ‖, the norm is given by the action

of the operator on the set of reproducing kernel functions; that is, ‖Cϕ‖ = Sϕ.

Moreover, ‖Cϕ‖ = S∗ϕ in those cases where ϕ is univalent. This situation, however,

does not hold in general, a fact first proved by Appel, Bourdon, and Thrall [1]. These

authors considered the linear fractional map ϕ(z) = 2/(3 − z); while they did not

calculate ‖Cϕ‖ exactly, they did demonstrate that S∗ϕ < Sϕ < ‖Cϕ‖ for this particular

ϕ. Bourdon and Retsek [6], in fact, showed that it is quite rare for S∗ϕ to equal ‖Cϕ‖,
a result we shall restate as Proposition 2.10.

Our main results for composition operators on H2 pertain to the situation where

ϕ(z) =
az + b

cz + d

is a nonconstant linear fractional self-map of D. For such ϕ, we determine the con-

ditions under which either Sϕ = ‖Cϕ‖ or S∗ϕ = ‖Cϕ‖ (Theorem 3.7). We introduce a

new set of conditions on ϕ under which, at least in principle, we can calculate ‖Cϕ‖
(Theorem 5.11). Assuming these conditions, we identify the elements of H2 on which

Cϕ attains its norm, each of which is a finite linear combination of kernel functions.

We also obtain some interesting results, in the case where ϕ(0) = 0, pertaining to the
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norm of Cϕ acting on various subspaces of H2 (Theorems 6.10 and 6.12).

Before we turn our attention to other Hilbert spaces of analytic functions, we

mention a few results which are specific to composition operators on H2. The first,

which we shall require on several occasions, is originally due to Nordgren [20]:

Proposition 2.1 Let ϕ : D→ D be an inner function with ϕ(0) = 0. The operator

Cϕ : H2 → H2 is an isometry of H2.

Our proof is identical to that presented in [11].

Proof of Proposition 2.1. Since ϕ is an inner function, ϕ
(
eiθ

)
=

(
ϕ
(
eiθ

))−1
for almost

all θ in [0, 2π). Therefore ‖ϕn‖2 = 1 for all n and

〈ϕn, ϕm〉 =

∫ 2π

0

(
ϕ
(
eiθ

))n(
ϕ
(
eiθ

))m dθ

2π
=

∫ 2π

0

(
ϕ
(
eiθ

))n−m dθ

2π
=

(
ϕ(0)

)n−m
= 0

whenever n > m. Let f(z) =
∑∞

n=0 anz
n be an arbitrary element of H2; observe that

‖f ◦ ϕ‖2
2 =

〈 ∞∑
n=0

anϕn,

∞∑
m=0

amϕm

〉
=

∞∑
n=0

|an|2 = ‖f‖2
2 .

In other words, the operator Cϕ : H2 → H2 is an isometry.

The next result pertains to the elements of H2 on which a composition operator

attains its norm:

Proposition 2.2 Suppose that the operator Cϕ : H2 → H2 attains its norm on an

element g of H2. If ϕ is not an inner function, then g cannot vanish at any point w

of D.

Proof. Suppose that g(w) = 0 for some w in D. Consider the Blaschke factor

bw(z) =
w − z

1− wz
.
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This function is an isometric zero-divisor for H2; that is, the function

g̃(z) =
g(z)

bw(z)

belongs to H2, with ‖g̃‖2 = ‖g‖2. Because ϕ is not an inner function, neither is the

composition bw ◦ ϕ. Since limr↑1 g
(
reiθ

)
is nonzero for almost all θ, we see that

lim
r↑1

∣∣∣∣∣
g
(
ϕ
(
reiθ

))

bw

(
ϕ
(
reiθ

))
∣∣∣∣∣ > lim

r↑1

∣∣g(
ϕ
(
reiθ

))∣∣

for θ in a set of positive measure. Hence ‖Cϕ(g̃)‖2 > ‖Cϕ(g)‖2, contradicting our

choice of g.

Corollary 2.3 Suppose that ϕ is not inner; if g1 and g2 are functions on which Cϕ

attains its norm, then one is a scalar multiple of the other.

Proof. Both g1 and g2 are eigenfunctions for C∗
ϕCϕ : H2 → H2 corresponding to the

eigenvalue ‖Cϕ‖2; moreover, g1(0) and g2(0) are both nonzero. If g1− (g1(0)/g2(0)) g2

were not identically 0, then it would be an eigenfunction corresponding to ‖Cϕ‖2, in

other words a function on which Cϕ attains its norm, that vanishes at 0. Therefore

g1 = (g1(0)/g2(0)) g2, as we had hoped to show.

2.2 The weighted Bergman spaces A2
α

For α > −1, the weighted Bergman space A2
α is the Hilbert space consisting of all

analytic functions f on D with

‖f‖2
2,α =

∫

D
|f(z)|2 (α + 1)

(
1− |z|2)α dA(z)

π
< ∞,

where dA denotes area measure on D. The inner product of two functions f and g in

A2
α is defined

〈f, g〉α =

∫

D
f(z)g(z)(α + 1)

(
1− |z|2)α dA(z)

π
.
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The space A2
0 = A2 is often referred to simply as the (unweighted) Bergman space.

The inner product in A2
α can also be expressed as a series; given f(z) =

∑∞
n=0 anzn

and g(z) =
∑∞

n=0 bnz
n in A2

α, we may write

〈f, g〉α =
∞∑

n=0

anbnβα(n),

where

βα(n) = ‖zn‖2
2,α =

(α + 1)Γ(n + 1)Γ(α + 1)

Γ(n + α + 2)
.

(See, for example, Section 1 of [22].) In particular,

β0(n) =
1

n + 1
and β1(n) =

2

(n + 1)(n + 2)
.

Every weighted Bergman space A2
α is a functional Hilbert space; the reproducing

kernel functions for A2
α may be written

Kw(z) =

(
1

1− wz

)α+2

,

where the power function is defined by taking the principal branch of the appropriate

logarithm; note that

kw(z) =
Kw(z)

‖Kw‖2,α

=

(
1− |w|2

(1− wz)2

)(α+2)/2

.

As we can easily see, the kernel functions for the Hardy space H2 have the form

corresponding to those for the nonexistent “α = −1” weighted Bergman space. This

similarity will allow us to prove several results simultaneously for the Hardy space and

the weighted Bergman spaces. For this reason, as a matter of convenience, we often

write A2
−1 to denote the Hardy space H2 (with the usual norm and inner product).

Composition operators have also received a good deal of attention in the con-

text of the weighted Bergman spaces. Any analytic ϕ : D → D induces a bounded
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composition operator on every space A2
α; in fact, for α > −1, we have that

(
1

1− |ϕ(0)|2
)(α+2)/2

≤
∥∥Cϕ : A2

α → A2
α

∥∥ ≤
(

1 + |ϕ(0)|
1− |ϕ(0)|

)(α+2)/2

. (2.2)

(See, for example, Lemma 1.2.2 in [24].) Comparing with line (2.1), we see that these

bounds are analogous to those for composition operators acting on A2
−1 = H2. As

in the case of the Hardy space, there are only a few examples of ϕ (with ϕ(0) 6= 0)

for which we can calculate ‖Cϕ : A2
α → A2

α‖. For instance, we know the norm of Cϕ

acting on the unweighted Bergman space A2 when

(1) ϕ is an automorphism of D; that is, ϕ(z) = s
(

w−z
1−wz

)
where |w| < |s| = 1,

(2) ϕ(z) = az + b where |a|+ |b| ≤ 1,

(3) ϕ(z) = (r+s)z+(1−s)
r(1−s)z+(1+sr)

where 0 < s < 1 and −1/7 ≤ r ≤ 1.

Case (2) was established by Hurst [15], who adapted Cowen’s [9] proof for

Cϕ : H2 → H2; in fact, Hurst determined the norm of such a composition operator

acting on any of the weighted Bergman spaces. Case (3) follows from the cosubnor-

mality results in Richman’s thesis [24]. As one might expect, the maps in cases (1)

and (3) induce extremally noncompact composition operators, as do the maps in case

(2) when |a|+ |b| = 1.

We conclude this section with a straightforward, but remarkably useful observa-

tion:

Observation 2.4 Take α ≥ −1. Let λ be an eigenvalue for C∗
ϕCϕ : A2

α → A2
α with

a corresponding eigenfunction g; since Cϕ fixes the constant function K0(z) = 1, we

see that

g(ϕ(0)) = 〈Cϕ(g), K0〉α = 〈Cϕ(g), Cϕ(K0)〉α
=

〈(
C∗

ϕCϕ

)
(g), K0

〉
α

= λ 〈g,K0〉α = λg(0).
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In particular, Proposition 1.2 dictates that

g(ϕ(0)) = ‖Cϕ‖2 g(0)

whenever Cϕ attains its norm on g.

2.3 Compactness and essential norms

While not much is known about the norm of Cϕ, we do have a good deal of

information about its essential norm. Joel Shapiro [26] obtained an explicit formula

for ‖Cϕ : H2 → H2‖e; a similar formula was later discovered by Poggi-Corradini [22]

for composition operators acting on A2
0 = A2 and A2

1. This section includes the

statements of these results, as well as several facts pertaining to the compactness of

Cϕ. We begin with the following lemma:

Lemma 2.5 Take α ≥ −1. Let {fn} be a sequence of functions in A2
α. The following

three conditions are equivalent:

(a) {fn} is bounded in norm and converges to 0 pointwise on D.

(b) {fn} is bounded in norm and converges to 0 uniformly on compact subsets of D.

(c) {fn} converges to 0 weakly in A2
α.

Proof. Corollary 1.3 in [11] shows that conditions (a) and (c) are equivalent; condition

(b) certainly implies condition (a). Suppose then that {fn} is a sequence which

converges to 0 pointwise on D, with

‖fn‖2,α ≤ M < ∞

for all n. Let ∆ be a compact subset of D; then the quantity

H∆ = sup
w∈∆

{|w|}



20

is strictly less than 1. Hence, for every function fn,

|fn(w)| = 〈fn, Kw〉α ≤ ‖fn‖2,α ‖Kw‖2,α

=
‖fn‖2,α(

1− |w|2)(α+2)/2
≤ M

(
1− (H∆)2)(α+2)/2

for all w in ∆. It follows from Montel’s theorem that the sequence converges to 0

uniformly on every compact subset of D.

Using this characterization of weak convergence, we can easily prove a well-known

result relating to the compactness of Cϕ. The following proposition, stated for com-

position operators acting on H2, first appeared in Schwartz’s thesis [25]:

Proposition 2.6 Take α ≥ −1. Let ϕ be an analytic self-map of D. If the closure

of the set ϕ(D) is contained in D, then the operator Cϕ : A2
α → A2

α is compact.

Proof. Let {fn} be a sequence in A2
α that converges weakly to 0. Lemma 2.5 shows

that the sequence converges to 0 uniformly on the closure of ϕ(D). In other words,

the functions Cϕ(fn) = fn ◦ ϕ converge to 0 uniformly on D, which implies that they

converge to 0 in norm. Hence Cϕ is completely continuous; since A2
α is a Hilbert

space, the operator must be compact.

We now state Shapiro and Poggi-Corradini’s essential norm formulae. For a real

number ρ ≥ 0, we define the Nevanlinna-type counting function Nϕ,ρ by the rule

Nϕ,ρ(w) =
∑

z∈ϕ−1({w})
(− log |z|)ρ

for any w in D \ {ϕ(0)}. For α equal to −1, 0, or 1, Shapiro and Poggi-Corradini

showed that

∥∥Cϕ : A2
α → A2

α

∥∥2

e
= lim sup

|w|↑1

Nϕ,α+2(w)

(− log |w|)α+2 .
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Whenever ϕ is univalent, this formula simply reduces to

∥∥Cϕ : A2
α → A2

α

∥∥2

e
= lim sup

|w|↑1

(
1− |w|2

1− |ϕ(w)|2
)α+2

. (2.3)

In the event that ϕ is univalent on a neighborhood of the closed unit disk, we have

an even more attractive description of the essential norm. In this case, the Julia–

Carathéodory theorem (see Theorem 2.44 in [11]) dictates that

∥∥Cϕ : A2
α → A2

α

∥∥2

e
= max

{
|ϕ′(w)|−(α+2)

: |w| = |ϕ(w)| = 1
}

, (2.4)

where the maximum over an empty set is taken to be 0. In particular, such a ϕ

induces a compact composition operator on one of these three spaces if and only if

‖ϕ‖∞ = sup
w∈D

{|ϕ(w)|} < 1.

At this point, we mention a particularly helpful consequence of Shapiro and Poggi-

Corradini’s proofs. Both authors observe that

‖Cϕ‖2
e ≥ lim sup

|w|↑1
‖Cϕ(kw)‖2

2,α ,

which in turn they show to be greater than or equal to

lim sup
|w|↑1

Nϕ,α+2(w)

(− log |w|)α+2 ,

the quantity they eventually prove to equal the square of the essential norm. Conse-

quently

‖Cϕ‖e = lim sup
|w|↑1

‖Cϕ(kw)‖2,α (2.5)

whenever α equals −1, 0, or 1. This observation appears to have been made first in

the context of H2 by Cima and Matheson [7].
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2.4 The quantities Sϕ and S∗ϕ

Having become acquainted with the Hardy space and the weighted Bergman

spaces, we redirect our attention to the the quantities Sϕ and S∗ϕ (as defined in

Section 1.3). Take α ≥ −1; throughout this section, unless otherwise stated, we as-

sume that Cϕ is a composition operator acting on A2
α. Since every such space contains

the constant functions, the set N = {w ∈ D : f(w) = 0 for all f ∈ A2
α} is empty;

therefore

Sϕ = sup
w∈D

{
‖Cϕ(kw)‖2,α

}
= sup

w∈D

{
‖Cϕ(Kw)‖2,α

‖Kw‖2,α

}

and

S∗ϕ = sup
w∈D

{∥∥C∗
ϕ(kw)

∥∥
2,α

}
= sup

w∈D

{∥∥C∗
ϕ(Kw)

∥∥
2,α

‖Kw‖2,α

}

= sup
w∈D

{∥∥Kϕ(w)

∥∥
2,α

‖Kw‖2,α

}
= sup

w∈D





(
1− |w|2

1− |ϕ(w)|2
)(α+2)/2



 .

It follows from Proposition 1.4 that S∗ϕ ≤ Sϕ.

The next few remarks simplify our discussion of Sϕ and S∗ϕ.

Lemma 2.7 Suppose that {wj} is a sequence of points converging to w in D; then

the normalized kernel functions {kwj
} converge to kw in the norm of A2

α.

Proof. Simply note that

∥∥kwj
− kw

∥∥2

2,α
=

〈
kwj

− kw, kwj
− kw

〉
α

=
∥∥kwj

∥∥2

2,α
− 2 Re

〈
kw, kwj

〉
α

+ ‖kw‖2
2,α

= 2− 2 Re

(〈
kw, Kwj

〉
α∥∥Kwj

∥∥
2,α

)

= 2− 2 Re
(
kw(wj)

(
1− |wj|2

)(α+2)/2
)

.
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Since kw is a continuous function,

lim
j→∞

kw(wj)
(
1− |wj|2

)(α+2)/2
= kw(w)

(
1− |w|2)(α+2)/2

= 1,

and our claim follows.

Since Cϕ and C∗
ϕ are both bounded operators, we obtain the following character-

ization of Sϕ and S∗ϕ:

Observation 2.8 Either Sϕ = ‖Cϕ(kw)‖2,α for a particular w in D or

Sϕ = lim sup
|w|↑1

‖Cϕ(kw)‖2,α .

Likewise, either S∗ϕ =
∥∥C∗

ϕ(kw)
∥∥

2,α
for some w in D or

S∗ϕ = lim sup
|w|↑1

∥∥C∗
ϕ(kw)

∥∥
2,α

= lim sup
|w|↑1

(
1− |w|2

1− |ϕ(w)|2
)(α+2)/2

.

One of our main objectives is to determine the conditions under which either Sϕ

or S∗ϕ equals ‖Cϕ‖. (If S∗ϕ = ‖Cϕ‖, then of course Sϕ = ‖Cϕ‖ as well.) Bourdon and

Retsek [6] considered this question for composition operators acting on H2; much of

this section is a generalization of the material from Section 3 of their paper.

If ϕ(0) = 0, then this question does not demand a great deal of attention. In this

case, expressions (2.1) and (2.2) dictate that ‖Cϕ : A2
α → A2

α‖ = 1. Therefore

‖Cϕ‖ = ‖k0‖2,α =
∥∥kϕ(0)

∥∥
2,α

=
∥∥C∗

ϕ(k0)
∥∥

2,α
,

so that S∗ϕ = Sϕ = ‖Cϕ‖. Hence we need only consider the case where ϕ(0) 6= 0.

Our next lemma pertains to the quantity S∗ϕ.

Lemma 2.9 Suppose that ϕ : D → D is an analytic map with ϕ(0) 6= 0. If the

operator C∗
ϕ : A2

α → A2
α attains its norm on a kernel function, then ϕ must have the

form ϕ(z) = az + b.
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Proof. Suppose that C∗
ϕ attains its norm on the kernel function Kw. Proposition 1.2

dictates that

‖Cϕ‖2 Kw =
(
CϕC∗

ϕ

)
(Kw) = Cϕ

(
Kϕ(w)

)
.

Hence

‖Cϕ‖2

(1− wz)α+2 =

(
1

1− ϕ(w)ϕ(z)

)α+2

for all z in D. Thus it must be the case that

1− ϕ(w)ϕ(z)

1− wz
= c (2.6)

for some constant c. If ϕ(w) happened to equal 0, then w would also be 0, contradict-

ing the assumption that ϕ(0) 6= 0. Hence ϕ(w) 6= 0, so we can solve (2.6) explicitly

for ϕ(z) to show that it has the desired form.

In light of this fact, it is not difficult to prove the natural generalization of Propo-

sition 3.4 in [6]:

Proposition 2.10 Let ϕ : D → D be an analytic map with ϕ(0) 6= 0 and which

does not have the form ϕ(z) = az + b; consider the operator Cϕ : A2
α → A2

α. If the

quantity S∗ϕ equals ‖Cϕ‖, then ‖Cϕ‖ = ‖Cϕ‖e.

Proof. The normalized kernel functions kw are bounded in norm and converge point-

wise to 0 as |w| approaches 1; thus Lemma 2.5 dictates that the kw converge weakly

to 0 as |w| tends to 1. Let K be a compact operator on A2
α; observe that

∥∥C∗
ϕ −K

∥∥ ≥ lim sup
|w|↑1

∥∥(
C∗

ϕ −K
)
(kw)

∥∥
2,α

≥ lim sup
|w|↑1

(∥∥C∗
ϕ(kw)

∥∥
2,α
− ‖K(kw)‖2,α

)

= lim sup
|w|↑1

∥∥C∗
ϕ(kw)

∥∥
2,α

.



25

Taking the infimum over the set of compact operators, we see that

‖Cϕ‖e =
∥∥C∗

ϕ

∥∥
e
≥ lim sup

|w|↑1

∥∥C∗
ϕ(kw)

∥∥
2,α

.

Lemma 2.9 tells us that ‖Cϕ‖ >
∥∥C∗

ϕ(kw)
∥∥

2,α
for every w in D. Therefore, if

‖Cϕ‖ = S∗ϕ, Observation 2.8 shows that

‖Cϕ‖ = S∗ϕ = lim sup
|w|↑1

∥∥C∗
ϕ(kw)

∥∥
2,α

,

which implies that ‖Cϕ‖ = ‖Cϕ‖e.

Bourdon and Retsek [6], in fact, proved that S∗ϕ = Sϕ = ‖Cϕ‖ whenever ϕ has the

form ϕ(z) = az + b. Their proof, which is stated for composition operators acting on

H2, can be easily adapted to the weighted Bergman spaces A2
α for α > −1.

Proposition 2.10 demonstrates how uncommon it is for S∗ϕ to equal ‖Cϕ‖. The

following result, which is specific to H2, further illustrates this point:

Proposition 2.11 Suppose that ϕ : D→ D can be written as the composition µ◦ν,

where µ is an analytic self-map of D and ν is a non-univalent inner function. Consider

the operator Cϕ : H2 → H2; if ϕ(0) 6= 0, then S∗ϕ < ‖Cϕ‖.

This proposition is a generalization of Theorem 3.5 in [6], which gives the result in

the case where µ(z) = z. The main idea of our proof is derived from Theorem 7.9 in

[5]. The following argument requires a certain amount of geometric function theory;

we refer the reader to Section 2.3 of [11] for the prerequisite material.

Proof of Proposition 2.11. Without loss of generality, we may assume that the inner

function ν has the property that ν(0) = 0. If ν(0) were nonzero, we could introduce
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the involutive automorphism

b(z) =
ν(0)− z

1− ν(0)z
,

observing that ϕ = µ ◦ ν = (µ ◦ b) ◦ (b ◦ ν). The map µ ◦ b is an analytic self-map of

the disk; b ◦ ν is a non-univalent inner function that fixes the origin.

Since ϕ is not univalent, it cannot have the form ϕ(z) = az + b. Therefore, if

S∗ϕ were to equal
∥∥C∗

ϕ(kw)
∥∥

2
for some particular w, Lemma 2.9 would dictate that

S∗ϕ < ‖Cϕ‖. Suppose then that S∗ϕ = lim sup|w|↑1
∥∥C∗

ϕ(kw)
∥∥

2
(which means that the

limit superior is positive). In this case, Proposition 2.46 in [11] shows that there is

some ζ on ∂D such that

S∗ϕ = lim sup
|w|↑1

√
1− |w|2

1− |ϕ(w)|2 = lim sup
|w|↑1

√
1− |w|

1− |ϕ(w)| = |ϕ′(ζ)|−1/2
.

Here ϕ′(ζ) denotes the (finite) angular derivative of ϕ at ζ.

Our first goal is to show that ν also has finite angular derivative at the point ζ.

Since ϕ has finite angular derivative at ζ, it follows that

lim
r↑1
|µ(ν(rζ))| = lim

r↑1
|ϕ(rζ)| = 1,

and hence

lim
r↑1
|ν(rζ)| = 1.

In other words, there is at least one sequence {wn} (which converges to ζ nontangen-

tially) such that limn→∞ |ν(wn)| = 1. The Julia–Carathéodory theorem (see Theorem

2.44 in [11]) dictates that there is a sequence of points {zn}, converging to ζ in a non-

tangential approach region, such that

lim
n→∞

1− |ν(zn)|
1− |zn| = lim inf

z→ζ

1− |ν(z)|
1− |z| .
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If the quantity

lim sup
n→∞

|ν(zn)|

were strictly less than 1, then

lim inf
z→ζ

1− |ν(z)|
1− |z| (2.7)

would be infinite. Since (2.7) is always less than or equal to ∞, we may assume that

lim supn→∞ |ν(zn)| = 1; passing to a subsequence, we assume further that {ν(zn)}
converges to a point ω on ∂D. Note that

lim inf
n→∞

1− |µ(ν(zn))|
1− |ν(zn)| ≥ lim inf

z→ω

1− |µ(z)|
1− |z| ,

a quantity which is always greater than 0. Since |ν(z)| < 1 whenever |z| < 1, we may

write

1− |ϕ(z)|
1− |z| =

1− |µ(ν(z))|
1− |ν(z)| · 1− |ν(z)|

1− |z|
for all z in D. Therefore

lim inf
n→∞

1− |ϕ(zn)|
1− |zn| ≥ lim inf

n→∞
1− |µ(ν(zn))|

1− |ν(zn)| · lim
n→∞

1− |ν(zn)|
1− |zn| .

The Julia–Carathéodory theorem shows that

lim inf
n→∞

1− |ϕ(zn)|
1− |zn| = lim

n→∞
1− |ϕ(zn)|

1− |zn| = |ϕ′(ζ)| < ∞.

Consequently

lim inf
z→ζ

1− |ν(z)|
1− |z| = lim

n→∞
1− |ν(zn)|

1− |zn| < ∞,

from which it follows that ν has finite angular derivative at ζ.

Because of its finite angular derivative, ν must have radial limit of modulus 1

at ζ, a point on ∂D we denote ν(ζ). Our next task is to show that µ has finite
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angular derivative at ν(ζ). Since both ϕ and ν have finite angular derivative at ζ,

the Julia–Carathéodory theorem dictates that

lim inf
z→ν(ζ)

1− |µ(z)|
1− |z| ≤ lim sup

r↑1

1− |µ(ν(rz))|
1− |ν(rz)|

≤ lim sup
r↑1

1− |ϕ(rz)|
1− |rz| · lim sup

r↑1

1− |rz|
1− |ν(rz)|

=
|ϕ′(ζ)|
|ν ′(ζ)| < ∞.

Hence µ does indeed have finite angular derivative at the point ν(ζ), with

|µ′(ν(ζ))| ≤ |ϕ′(ζ)|
|ν ′(ζ)| . (2.8)

We now return to the problem at hand. Since ν(0) = 0 and ν is not an automor-

phism, Lemma 7.33 in [11] shows that

lim inf
z→ζ

1− |ν(z)|
1− |z| > 1.

Appealing once more to the Julia–Carathéodory theorem, we see that that |ν ′(ζ)| > 1.

Thus line (2.8) shows that

|µ′(ν(ζ))| ≤ |ϕ′(ζ)|
|ν ′(ζ)| < |ϕ′(ζ)|.

Consequently

|ϕ′(ζ)|−1/2
< |µ′(ν(ζ))|−1/2 ≤ lim sup

|w|↑1

√
1− |w|

1− |µ(w)|

= lim sup
|w|↑1

√
1− |w|2

1− |µ(w)|2 = lim sup
|w|↑1

∥∥C∗
µ(kw)

∥∥
2
.

In the proof of Proposition 2.10, we noted that

lim sup
|w|↑1

∥∥C∗
µ(kw)

∥∥
2
≤ ‖Cµ‖e .
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Since ν is an inner function that fixes the origin, Proposition 2.1 dictates that Cν is

an isometry of H2. Therefore

‖Cϕ‖e = ‖Cµ◦ν‖e = ‖CνCµ‖e = ‖Cµ‖e .

Combining these observations, we see that

S∗ϕ < ‖Cϕ‖e ≤ ‖Cϕ‖,

as we had hoped to show.

In particular, this result applies in the case where ν(z) = zm for some integer

m ≥ 2, so that ϕ(z) = µ(zm).

It is much more difficult to obtain information about the quantity Sϕ. Most of

our discussion of Sϕ will be specific to composition operators Cϕ : H2 → H2, where

ϕ : D → D is a linear fractional map (see Section 3.3). We can, though, obtain one

general lemma relating to Sϕ (Lemma 2.13); our proof depends on Lemma 2.12, which

pertains to the lower bounds in expressions (2.1) and (2.2). Lemma 2.12, stated in

the context of the Hardy space, appears with a different proof in a current paper of

David Pakorny and Jonathan Shapiro [21].

Lemma 2.12 If ϕ : D→ D is a nonconstant analytic map with ϕ(0) 6= 0, then

∥∥Cϕ : A2
α → A2

α

∥∥ >

(
1

1− |ϕ(0)|2
)(α+2)/2

.

Proof. Our hypotheses guarantee that the function kϕ(0) ◦ ϕ is nonconstant; that is,

it is not a scalar multiple of the kernel function K0(z) = 1. Since K0 has norm 1, we

see that
(

1

1− |ϕ(0)|2
)(α+2)/2

=
∣∣(kϕ(0) ◦ ϕ

)
(0)

∣∣ =
〈
Cϕ

(
kϕ(0)

)
, K0

〉
α

<
∥∥Cϕ

(
kϕ(0)

)∥∥
2,α
‖K0‖2,α ≤ ‖Cϕ‖,
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as we had hoped to show.

Lemma 2.13 Suppose that ϕ : D→ D is a nonconstant analytic map with ϕ(0) 6= 0.

If the operator Cϕ : A2
α → A2

α attains its norm on a kernel function Kw, then

|w| > |ϕ(0)|.

Proof. Suppose that Cϕ attains its norm on Kw; then Kw is an eigenfunction for

C∗
ϕCϕ corresponding to ‖Cϕ‖2. Appealing to Observation 2.4, we see that

1

1− wϕ(0)
= Kw(ϕ(0)) = ‖Cϕ‖2 Kw(0) = ‖Cϕ‖2 .

It follows from Lemma 2.12 that

1

1− wϕ(0)
>

1

1− |ϕ(0)|2 ,

meaning that |w| > |ϕ(0)|.

We end this section with a restatement of Observation 2.8, valid for α equal to

−1, 0, or 1. Recalling equation (2.5) and the univalent version of the essential norm

formula (2.3), we obtain the following characterization of the quantities Sϕ and S∗ϕ:

Observation 2.14 Consider the composition operator Cϕ acting on A2
α, where α

equals −1, 0, or 1. Either Sϕ = ‖Cϕ(kw)‖2,α for a particular w in D or Sϕ = ‖Cϕ‖e.

Similarly, if ϕ is univalent, then either S∗ϕ =
∥∥C∗

ϕ(kw)
∥∥

2,α
for some w in D or

S∗ϕ = ‖Cϕ‖e.



31

2.5 Multiplication operators

In accordance with standard usage, we write H∞ to denote the Banach space

consisting of all bounded analytic function on D, under the norm

‖f‖∞ = sup
w∈D

{|f(w)|}.

For an element γ of H∞, we define the multiplication operator Mγ by the rule

(Mγ(f))(z) = γ(z)f(z).

It is not difficult to show that Mγ is bounded on each space A2
α, with

∥∥Mγ : A2
α → A2

α

∥∥ = ‖γ‖∞

for every α ≥ −1. Multiplication operators belong to a larger class of operators on

A2
α, often called the Toeplitz operators .

The basic properties of multiplication operators are easy to determine. For exam-

ple, if γ and η are both elements of H∞, then

Maγ+bη = aMγ + bMη

for any scalars a and b. The adjoint of a multiplication operator also behaves nicely

with respect to the reproducing kernel functions of A2
α. Observe that

〈
f, M∗

γKw

〉
α

= 〈Mγ(f), Kw〉α = γ(w)f(w) = 〈γ(w)f, Kw〉α =
〈
f, γ(w)Kw

〉
α

for every f in A2
α. Therefore M∗

γ (Kw) = γ(w)Kw for every kernel function Kw.

Abusing notation somewhat, we write Mz to denote the operator Mγ with γ(z) = z.

It is particularly easy to describe the adjoint of the operator Mz acting on the Hardy



32

space H2. Let f(z) =
∑∞

n=0 anzn be an element of H2; observe that

(M∗
z (f))(w) = 〈M∗

z (f), Kw〉 = 〈f, Mz(Kw)〉

=

〈 ∞∑
n=0

anz
n,

∞∑
n=0

wnzn+1

〉
=

∞∑
n=1

anw
n−1,

which equals f ′(0) when w = 0 and equals

f(w)− f(0)

w

for every w in D \ {0}. This fact will prove particularly useful in Chapter 3, when we

consider composition operators with linear fractional symbol.

2.6 Functional Banach spaces

Let X be a nontrivial Banach space whose elements are functions on a set U . As

one would expect, X is called a functional Banach space if every point-evaluation

functional is bounded on X . A Banach space of analytic functions is simply a func-

tional Banach space on an open subset U of Cn whose elements are analytic functions.

It is perfectly reasonable to consider a composition operator acting on a functional

Banach space; the proof of Theorem 1.1 is also valid in this context.

The Hilbert spaces H2 and A2
α, in fact, belong to a larger class of Banach spaces.

For 1 ≤ p < ∞, the Hardy space Hp is the Banach space consisting of all analytic

functions f on D with

‖f‖p
p = lim

r↑1

∫ 2π

0

∣∣f(
reiθ

)∣∣p dθ

2π
=

∫ 2π

0

∣∣f(
eiθ

)∣∣p dθ

2π
< ∞.

Similarly, for α > −1 and 1 ≤ p < ∞, the weighted Bergman space Ap
α consists of

those analytic functions f with

‖f‖p
p,α =

∫

D
|f(z)|p (α + 1)

(
1− |z|2)α dA(z)

π
< ∞.
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Each of these spaces is a Banach space of analytic functions on D. Extending our

previous convention, we often write Ap
−1 to denote the Hardy space Hp.

Any analytic ϕ : D→ D induces a bounded composition operator on each weighted

Bergman space. In fact,

(
1

1− |ϕ(0)|2
)(α+2)/p

≤ ‖Cϕ : Ap
α → Ap

α‖ ≤
(

1 + |ϕ(0)|
1− |ϕ(0)|

)(α+2)/p

for any α ≥ −1 and 1 ≤ p < ∞. In principle, for a fixed α, the calculation of

‖Cϕ : Ap
α → Ap

α‖ might constitute a substantially different problem for each value of

p. When dealing with the Hardy spaces, however, we need only consider Cϕ acting

on the Hilbert space H2. In particular, we have the following result:

Proposition 2.15 Take 1 ≤ p < ∞. For any analytic map ϕ : D→ D,

‖Cϕ : Hp → Hp‖p =
∥∥Cϕ : H2 → H2

∥∥2
.

This proposition has been described as a “folk result”; it has been commonly known

for several years (see, for example, [16]), but its original source remains obscure.

Proof of Proposition 2.15. Let {fn} be a sequence of unit vectors in Hp such that

lim
n→∞

‖Cϕ(fn)‖p = ‖Cϕ : Hp → Hp‖ .

For each n, let Bn denote the Blaschke product whose zero-set is identical to that of

fn. Every Blaschke product is an isometric zero-divisor for Hp; in other words, each

function

gn =
fn

Bn

is also a unit vector in Hp. Moreover, since |Bn(z)| < 1 for all z in D,

‖Cϕ(gn)‖p =

∥∥∥∥
fn ◦ ϕ

Bn ◦ ϕ

∥∥∥∥
p

≥ ‖fn ◦ ϕ‖p = ‖Cϕ(fn)‖p , (2.9)
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which means that

lim
n→∞

‖Cϕ(gn)‖p = ‖Cϕ : Hp → Hp‖ .

Each gn, being a non-vanishing analytic function on D, has an analytic logarithm.

Hence there exist analytic functions (gn)p/2, with

∥∥(gn)p/2
∥∥2

2
=

∫ 2π

0

∣∣∣
(
gn

(
eiθ

))p/2
∣∣∣
2 dθ

2π
=

∫ 2π

0

∣∣gn

(
eiθ

)∣∣p dθ

2π
= ‖gn‖p

p = 1.

Therefore

∥∥Cϕ : H2 → H2
∥∥2 ≥ lim sup

n→∞

∥∥Cϕ

(
(gn)p/2

)∥∥2

2

= lim sup
n→∞

∫ 2π

0

∣∣∣
(
gn

(
ϕ
(
eiθ

)))p/2
∣∣∣
2 dθ

2π

= lim sup
n→∞

∫ 2π

0

∣∣gn

(
ϕ
(
eiθ

))∣∣p dθ

2π

= lim
n→∞

‖Cϕ(gn)‖p
p = ‖Cϕ : Hp → Hp‖p .

Switching the roles of p and 2, we obtain the reverse inequality.

It is unknown whether the analogous result holds for a composition operator acting

on the spaces Ap
α for a fixed α > −1. The proof of Proposition 2.15 relies heavily

on the fact that Blaschke products are isometric zero-divisors for Hp. It might seem

natural, should we attempt to extend this proof to the weighted Bergman spaces,

to substitute the canonical divisors of Ap
α for the Blaschke products; the canonical

divisors, however, are often unbounded on D, which means that line (2.9) is not

necessarily valid in this context.
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Chapter 3

Composition Operators with

Linear Fractional Symbol

Throughout this chapter, we take

ϕ(z) =
az + b

cz + d
(3.1)

to be a nonconstant linear fractional self-map of D. We would like to obtain informa-

tion about the norm of the corresponding composition operator, either on the Hardy

space H2 or the weighted Bergman spaces A2
α. As we have already mentioned, our

strategy involves investigating the spectrum of C∗
ϕCϕ. Needless to say, this avenue of

inquiry would be useless without a reasonably good representation for the adjoint of

Cϕ. Our results depend on the fact that, for this particular class of maps, we do have

an explicit formula for C∗
ϕ (Proposition 3.3). Appealing to this formula, we establish a

concrete representation for the operator C∗
ϕCϕ : H2 → H2, which we use to determine

the conditions under which either Sϕ or S∗ϕ equals ‖Cϕ : H2 → H2‖ (Theorem 3.7).
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3.1 Cowen’s adjoint formula

In this section, we derive a formula for C∗
ϕ. We begin with the following lemma:

Lemma 3.1 Let ϕ : D→ D be a nonconstant linear fractional map, as in (3.1); then

the map

σ(z) =
az − c

−bz + d
(3.2)

is also a self-map of D; furthermore, both

γ(z) =
1

−bz + d

and

η(z) = cz + d

are bounded, non-vanishing analytic functions on D.

Proof. For the moment, let us view the nonconstant linear fractional maps as being

bijections of the Riemann sphere. Define the set

Ď = {z : |z| > 1} ∪ {∞}.

Since ϕ is a self-map of D, the inverse map ϕ−1 must take Ď into Ď; if this were not

the case, then ϕ−1
(
Ď

)
would contain a point w in D, in which case ϕ(w) would belong

to Ď. A straightforward calculation shows that

σ = ρ ◦ ϕ−1 ◦ ρ,

where ρ(z) = 1/z. Note that ρ maps D into Ď, that ϕ−1 maps Ď into Ď, and that ρ

maps Ď into D; therefore σ takes D into D, as we had hoped to show.

Because σ is a self-map of D, it cannot have a singularity in the closed unit disk.

Since γ and σ have the same denominator, it follows that γ is bounded on D; it is
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evident that γ does not vanish on D. The function η is bounded on D; observe that

η is the denominator of ϕ, which implies that η does not vanish on D.

Since ρ is the identity map on ∂D, we make the following observation, which will

prove useful in later sections:

Observation 3.2 Let ϕ : D → D be a nonconstant linear fractional map, as in

(3.1), and let σ be defined as in (3.2). Suppose that ζ and ω are points on ∂D; then

ϕ(ζ) = ω if and only if σ(ω) = ζ.

Having defined the functions σ, γ, and η, we turn our attention to the Hardy space

and the weighted Bergman spaces. Fix a number α ≥ −1. It follows from Lemma

3.1 that the functions

γα(z) = γ(z)α+2 =

(
1

−bz + d

)α+2

(3.3)

and

ηα(z) = η(z)α+2 = (cz + d)α+2 (3.4)

belong to H∞. We write Mγα and to Mηα denote the corresponding multiplication

operators on A2
α; these operators will appear in our formula for the adjoint of Cϕ. The

following proposition was originally proved by Cowen [9] for composition operators

acting on H2; Hurst [15] later extended the result to the weighted Bergman spaces:

Proposition 3.3 (Cowen’s adjoint formula) Take α ≥ −1. Let ϕ : D→ D be a

nonconstant linear fractional map, as in (3.1); let σ, γα, and ηα be defined as in (3.2),

(3.3), and (3.4). The adjoint C∗
ϕ on A2

α is given by the formula

C∗
ϕ = MγαCσM

∗
ηα

.
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Proof. Recall that the reproducing kernel functions for A2
α have the form

Kw(z) =

(
1

1− wz

)α+2

;

moreover, C∗
ϕ(Kw) = Kϕ(w) and M∗

ηα
(Kw) = ηα(w)Kw for every w in D. Observe that

((
MγαCσM

∗
ηα

)
(Kw)

)
(z) = ηα(w)γα(z)(Cσ(Kw))(z)

=
(
cw + d

)α+2
(

1

−bz + d

)α+2

 1

1− w
(

az−c
−bz+d

)



α+2

=

(
cw + d

−bz + d− waz + wc

)α+2

=

(
1

1− ϕ(w)z

)α+2

= Kϕ(w)(z) =
(
C∗

ϕ(Kw)
)
(z).

Therefore the operators C∗
ϕ and MγαCσM

∗
ηα

agree on every kernel function Kw; since

the kernel functions span a dense subset of A2
α, the two operators must be identical.

3.2 The operator C∗
ϕCϕ

Our goal now is to use Cowen’s adjoint formula to obtain a concrete represen-

tation for the operator C∗
ϕCϕ. Our first observation pertains to maps of the form

ϕ(z) = az + b, where |a| + |b| ≤ 1. Such a map, of course, may be written in linear

fractional form, as in (3.1), with c = 0 and d = 1. Observe that M∗
ηα

= M∗
1 ; since

multiplication by 1 is the identity operator on A2
α, so too is its adjoint. Hence Propo-

sition 3.3 dictates that, for any α ≥ −1, the adjoint C∗
ϕ : A2

α → A2
α may be written

as the product MγαCσ. Thus we obtain the following result:



39

Observation 3.4 Consider the map ϕ(z) = az + b where |a| + |b| ≤ 1. For any

α ≥ −1, the operator C∗
ϕCϕ : A2

α → A2
α has the form

((
C∗

ϕCϕ

)
(f)

)
(z) =

(
1

1− bz

)α+2

f(ϕ(σ(z)))

=

(
1

1− bz

)α+2

f(τ(z)),

where τ denotes the composition ϕ ◦ σ.

We will make use of this representation in Section 4.2.

For the rest of this section, we restrict our attention to composition operators

acting on H2. As before, let ϕ : D→ D be a nonconstant linear fractional map. The

only piece of Cowen’s adjoint formula that requires further discussion is the operator

M∗
ηα

= M∗
η . It follows from our discussion in Section 2.5 that

(
M∗

η (f)
)
(z) =

(
M∗

cz+d(f)
)
(z) =

((
cM∗

z + dM∗
1

)
(f)

)
(z),

for every f in H2, which equals

cf ′(0) + df(0)

when z = 0 and

c

(
f(z)− f(0)

z

)
+ df(z)

for all z in D \ {0}.
This observation allows us to obtain a particularly useful representation for the

operator C∗
ϕCϕ. For any f in H2, we see that

((
C∗

ϕCϕ

)
f
)
(z) =

((
MγαCσM

∗
ηα

Cϕ

)
(f)

)
(z)

=
((

MγCσM
∗
η Cϕ

)
(f)

)
(z),
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which equals

γ(z)

(
c

(
f(ϕ(σ(z)))− f(ϕ(0))

σ(z)

)
+ df(ϕ(σ(z)))

)

=
c

az − c
[f(ϕ(σ(z)))− f(ϕ(0))] +

d

−bz + d
f(ϕ(σ(z))) (3.5)

for all z in D not equal to σ−1(0) = c/a. Performing the obvious algebraic manipula-

tions, we arrive at the following result:

Observation 3.5 Let ϕ : D→ D be a nonconstant linear fractional map, as in (3.1).

The operator C∗
ϕCϕ : H2 → H2 may be written

((
C∗

ϕCϕ

)
f
)
(z) = ψ(z)f(τ(z)) + χ(z)f(ϕ(0)), (3.6)

where τ denotes the composition ϕ ◦ σ and

ψ(z) =

(
ad− bc

)
z

(az − c)
(−bz + d

) and χ(z) =
c

−az + c
.

This representation holds for all z in D \ {σ−1(0)}.

The point σ−1(0) = c/a is something of a nuisance, but will not cause us any

serious problems. For many choices of ϕ, this point is totally innocuous; it only lies

in D if |c| < |a|. In the event that σ−1(0) does belong to D, we can apply l’Hospital’s

rule to expression (3.5) to see that

(
C∗

ϕCϕ(f)
)
(σ−1(0)) =

c

a
f ′(ϕ(0))τ ′(σ−1(0)) +

ad

ad− bc
f(ϕ(0)). (3.7)

3.3 The quantities Sϕ and S∗ϕ

In this section, we restrict our attention to composition operators acting on the

Hardy space H2. Applying Observation 3.5, we determine the conditions under which
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either Sϕ = ‖Cϕ‖ or S∗ϕ = ‖Cϕ‖ when ϕ : D → D is a linear fractional map. The

following proposition constitutes the crux of our argument:

Proposition 3.6 Let ϕ : D→ D be a linear fractional map with ϕ(0) 6= 0 and which

does not have the form ϕ(z) = az + b. For any point w in D,

‖Cϕ‖ > ‖Cϕ(kw)‖2 .

Proof. Suppose, to the contrary, that Cϕ attains its norm on some normalized kernel

function kw; then Kw is an eigenfunction for C∗
ϕCϕ. Consequently the subspace

K{w} = {αKw : α ∈ C} is invariant under C∗
ϕCϕ. Since C∗

ϕCϕ is self-adjoint, the

orthogonal complement K⊥{w} = {f ∈ H2 : f(w) = 0} is also invariant under the

operator; this observation will give rise to a contradiction.

Lemma 2.13 tells us that w cannot equal 0 or ϕ(0). Suppose then that w is the

problematic point σ−1(0) = c/a. Referring to line (3.7), we see that

(
C∗

ϕCϕ(f)
)
(σ−1(0)) =

c

a
f ′(ϕ(0))τ ′(σ−1(0)) +

ad

ad− bc
f(ϕ(0)),

which must equal 0 for any f in K⊥{w}. Consider the function f1(z) = (z−ϕ(0))(z−w)

in K⊥{w}. The assumption that ϕ(z) 6= az+b guarantees that c 6= 0; since f1(ϕ(0)) = 0

and τ = ϕ ◦ σ is univalent, the term f ′1(ϕ(0)) must equal 0, which is not the case.

Therefore w cannot equal σ−1(0). Hence equation (3.6) is valid at w, meaning that

0 =
(
C∗

ϕCϕ(f)
)
(w) = ψ(w)f(τ(w)) + χ(w)f(ϕ(0))

for all f in K⊥{w}.
Again consider the function f1. Observe that f1(ϕ(0)) = 0; since w 6= 0, the term

ψ(w) is nonzero. Hence f1(τ(w)) = 0, meaning that τ(w) equals either w or ϕ(0). If

τ(w) = ϕ(0), then w = σ−1(0), which is not the case; therefore τ(w) = w. Now take
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f2(z) = z − w in K⊥{w}. Since f2(τ(w)) = f2(w) = 0 and χ(w) = c/(c − aw) 6= 0, we

see that f2(ϕ(0)) = 0. Therefore ϕ(0) must equal w, which is a contradiction.

Proposition 3.6 allows us easily to prove the main result of this section:

Theorem 3.7 Let ϕ : D → D be a linear fractional map with ϕ(0) 6= 0 and which

does not have the form ϕ(z) = az + b. Then Sϕ = ‖Cϕ‖ if and only if ‖Cϕ‖e = ‖Cϕ‖;
likewise S∗ϕ = ‖Cϕ‖ if and only if ‖Cϕ‖e = ‖Cϕ‖.

Proof. Observation 2.14 shows that ‖Cϕ‖e ≤ S∗ϕ ≤ Sϕ ≤ ‖Cϕ‖ whenever ϕ is univa-

lent; if ‖Cϕ‖e = ‖Cϕ‖, then all of these quantities must be equal. On the other hand,

suppose that ‖Cϕ‖e < ‖Cϕ‖. Proposition 3.6 dictates that ‖Cϕ(kw)‖2 < ‖Cϕ‖ for all

w in D; it follows from Observation 2.14 that Sϕ < ‖Cϕ‖. Since S∗ϕ ≤ Sϕ, our claim

follows.

As a consequence of this theorem, we see that Sϕ = ‖Cϕ‖ if and only if

S∗ϕ = ‖Cϕ‖. We should mention, though, that there are linear fractional ϕ such that

S∗ϕ = Sϕ < ‖Cϕ‖; for example, Retsek [23] showed that the map ϕ(z) = 4/(5− z) has

this property.

Theorem 3.7 no longer holds if we eliminate the hypothesis that ϕ be linear frac-

tional. In light of Proposition 2.10, we see that our assertion for S∗ϕ holds whenever

ϕ is univalent (an observation also made by Retsek [23]). On the other hand, Bour-

don and Retsek [6] proved that S∗ϕ < ‖Cϕ‖e = ‖Cϕ‖ whenever ϕ is a non-univalent

inner function with ϕ(0) 6= 0 (see Proposition 2.11 above). Extremal noncompact-

ness implies that Sϕ = ‖Cϕ‖ for any ϕ. It is not difficult, however, to find further

examples of analytic ϕ with ϕ(0) 6= 0 and ‖Cϕ‖e < Sϕ = ‖Cϕ‖. To that end, let ν
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be an inner function that fixes the origin; then (by Proposition 2.1) the composition

operator Cν is an isometry of H2. Hence, for any analytic ϕ : D → D, the operator

Cϕ◦ν = CνCϕ has the same norm as Cϕ; moreover, Sϕ◦ν = ‖Cϕ◦ν‖ if and only if

Sϕ = ‖Cϕ‖. Consider the map ϕ(z) = az + b, where both a and b are nonzero and

|a|+ |b| < 1. We know that Sϕ = ‖Cϕ‖, and that both of the operators Cϕ and Cϕ◦ν

are compact. Hence ‖Cϕ◦ν‖e = 0 < Sϕ◦ν = ‖Cϕ◦ν‖; in particular, this result holds if

we take ν(z) = zm for some integer m ≥ 1, so that (ϕ ◦ ν)(z) = azm + b.
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Chapter 4

The Spectrum of a Weighted

Composition Operator

Given an analytic map ϕ : D→ D and a function ψ in H∞, we define the weighted

composition operator Wϕ,ψ : A2
α → A2

α by the rule

(Wϕ,ψ(f)) (z) = ψ(z)f(ϕ(z))

for all f in A2
α and all z in D. Such an operator, of course, is simply the product of

the multiplication operator Mψ with the composition operator Cϕ. It seems plausible,

in view of Cowen’s adjoint formula, that information relating to the spectrum of

Wϕ,ψ might be pertinent to our investigation of the spectrum of C∗
ϕCϕ. Section 4.1

introduces a slightly more general class of operators, one that includes many of the

weighted composition operators; we determine the spectrum of any such operator

which happens to be compact. Section 4.2 offers a new proof, based on the work of

the preceding section, of a previously known norm result for composition operators

acting on A2
α.
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4.1 The spectrum

Let X be a Banach space of analytic functions on D. Take Rϕ,ψ to be a bounded

operator on X with the following properties:

There is a point w0 in D, an open subset ∆ of D, an analytic map

ϕ : D→ D, and an analytic function ψ : ∆ → C, such that

• The point w0 belongs to ∆,

• The map ϕ fixes the point w0,

• (Rϕ,ψ(f)) (z) = ψ(z)f(ϕ(z)) for all f in X and all z in ∆.

To avoid several minor difficulties, we also assume that ϕ′(w0) 6= 0.

The operator Rϕ,ψ behaves like a weighted composition operator in a neighborhood

of w0; one could reasonably describe such an operator as locally resembling a weighted

composition operator on the set ∆. Having such a representation for Rϕ,ψ, we write

M to denote the set of all non-negative integers m such that there is some function

xm in X with a zero of order m at w0. (If 0 belongs to M, then X simply contains a

function which does not vanish at w0.) This set plays an important part in describing

the spectrum of Rϕ,ψ. We begin with the following observation:

Proposition 4.1 Suppose that ϕ is not an automorphism of D and that ψ(w0) is

nonzero. Let m be an element of M; then the point ψ(w0)ϕ
′(w0)

m belongs to the

spectrum of Rϕ,ψ.

Proof. Suppose that ψ(w0)ϕ
′(w0)

m belongs to the resolvent of Rϕ,ψ; in other words,

the operator Rϕ,ψ−ψ(w0)ϕ
′(w0)

m is invertible. Hence there is some f in X such that

Rϕ,ψ(f)− ψ(w0)ϕ
′(w0)

mf = xm,
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where xm is an element of X with a zero of order m at w0. In other words,

ψ(z)f(ϕ(z))− ψ(w0)ϕ
′(w0)

mf(z) = xm(z) (4.1)

for all z in ∆.

First of all, suppose that m = 0. Since w0 belongs to ∆, we have that

x0(w0) = ψ(w0)f(ϕ(w0))− ψ(w0)f(w0)

= ψ(w0)f(w0)− ψ(w0)f(w0) = 0,

which contradicts our assumption that x0(w0) 6= 0. Therefore ψ(w0) = ψ(w0)ϕ
′(w0)

m

must belong to the spectrum of Rϕ,ψ.

Now suppose that m ≥ 1. We claim that the jth derivative f (j)(w0) must equal 0

for all 0 ≤ j ≤ m− 1, a fact we shall prove by induction. Observe that

0 = xm(w0) = ψ(w0)f(ϕ(w0))− ψ(w0)ϕ
′(w0)

mf(w0)

= ψ(w0) (1− ϕ′(w0)
m) f(w0).

Since ϕ is not an automorphism of D, it follows from the Schwarz lemma that

|ϕ′(w0)| < 1 (see, for example, p. 79 of [27]); therefore, since ψ(w0) 6= 0, the term

f(w0) = f (0)(w0) must equal 0. Now suppose that f (k)(w0) = 0 for all 0 ≤ k ≤ j − 1.

Taking the jth derivative of both sides of (4.1), we see that

(
dj

dzj
[ψ(z)f(ϕ(z))]

∣∣∣∣
z=w0

)
− ψ(w0)ϕ

′(w0)
nf (j)(w0) = x(j)

m (w0) = 0.

The term

dj

dzj
[ψ(z)f(ϕ(z))]

∣∣∣∣
z=w0
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consists of ψ(w0)ϕ
′(w0)

jf (j)(w0), plus the sum of various terms involving lower order

derivatives of f at w0. These extraneous terms all equal zero, which means that

0 = x(j)
m (w0) = ψ(w0)ϕ

′(w0)
jf (j)(w0)− ψ(w0)ϕ

′(w0)
mf (j)(w0)

= ψ(w0)ϕ
′(w0)

j
(
1− ϕ′(w0)

m−j
)
f (j)(w0).

Therefore f (j)(w0) = 0 for all 0 ≤ j ≤ m− 1, as we had hoped to show.

Consequently we see that

0 6= x(m)
m (w0) =

(
dm

dzm
[ψ(z)f(ϕ(z))]

∣∣∣∣
z=w0

)
− ψ(w0)ϕ

′(w0)
mf (m)(w0)

= ψ(w0)ϕ
′(w0)

mf (m)(w0)− ψ(w0)ϕ
′(w0)

mf (m)(w0) = 0,

thereby obtaining a contradiction. In other words, ψ(w0)ϕ
′(w0)

m belongs to the

spectrum of Rϕ,ψ.

At this point, we turn our attention specifically to the eigenvalues of Rϕ,ψ.

Proposition 4.2 Let λ be an eigenvalue of Rϕ,ψ with a corresponding eigenfunction

g; then λ = ψ(w0)ϕ
′(w0)

m, where m denotes the order of the zero of g at the point

w0.

Proof. Observe that

λg(z) = ψ(z)g(ϕ(z))

for all z in ∆. As above, we see that

dm

dzm
[ψ(z)g(ϕ(z))]

∣∣∣∣
z=w0

equals ψ(w0)ϕ
′(w0)

mg(m)(w0), plus terms involving lower order derivatives of g at w0.

Therefore

λg(m)(w0) = ψ(w0)ϕ
′(w0)

mg(m)(w0),
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so that λ = ψ(w0)ϕ
′(w0)

m.

Propositions 4.1 and 4.2, taken together, allow us precisely to determine the spec-

trum of a compact operator Rϕ,ψ.

Proposition 4.3 Suppose that M is an infinite set. If ϕ is not an automorphism of

D and the operator Rϕ,ψ is compact, then the spectrum of the operator is precisely

{0} ∪ {ψ(w0)ϕ
′(w0)

m}m∈M.

Proof. Since the functions xm are linearly independent for different values of m, the

Banach space X is necessarily infinite dimensional; hence the compact operator Rϕ,ψ

is not invertible, meaning that 0 belongs to its spectrum. Every nonzero element

of the spectrum is an eigenvalue and hence must equal ψ(w0)ϕ
′(w0)

m, where m de-

notes the zero of the corresponding eigenfunction; that is, it must belong to the set

{ψ(w0)ϕ
′(w0)

m}m∈M. On the other hand, if ψ(w0) is nonzero, then Proposition 4.1

shows that {ψ(w0)ϕ
′(w0)

m}m∈M belongs to the spectrum of Rϕ,ψ; if ψ(w0) = 0, then

every value ψ(w0)ϕ
′(w0)

m is also 0, which we already know to be in the spectrum.

4.2 An application

Consider the weighted Bergman space A2
α for some α ≥ −1 (where A2

−1, as always,

denotes the Hardy space H2). We now apply the results of Section 4.1 to the operator

C∗
ϕCϕ : A2

α → A2
α, namely to the case where ϕ has the form ϕ(z) = az + b. Suppose,

first of all, that both a and b are nonzero and that |a| + |b| < 1. Proposition 2.6

guarantees that Cϕ, and hence C∗
ϕCϕ, is a compact operator on A2

α; Observation 3.4

dictates that

(
C∗

ϕCϕ(f)
)
(z) =

(
1

1− bz

)α+2

f(τ(z)),
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where σ(z) = az/(−bz + 1) and

τ(z) = ϕ(σ(z)) =

(|a|2 − |b|2) z + b

−bz + 1
.

In other words, C∗
ϕCϕ is a compact weighted composition operator. By direct calcu-

lation, we see that the Denjoy–Wolff point of τ is

w0 =
1− |a|2 + |b|2 −

√(
1− |a|2 + |b|2)2 − 4 |b|2

2b
.

(See Section 5.1 for a brief discussion of the Denjoy–Wolff point.) Since ‖τ‖∞ ≤
‖ϕ‖∞ < 1, the point w0 must lie inside D. Hence C∗

ϕCϕ : A2
α → A2

α satisfies the

hypotheses of Proposition 4.3. Since A2
α contains the polynomials, M is equal to the

set of non-negative integers; thus the spectrum of C∗
ϕCϕ : A2

α → A2
α consists of 0,

together with all values of the form

(
1

1− bw0

)α+2

τ ′(w0)
m =

(
1

1− bw0

)α+2 ( |a|
1− bw0

)2m

=
|a|2m

(
1− bw0

)α+2+2m

= |a|2m


1−

1− |a|2 + |b|2 −
√(

1− |a|2 + |b|2)2 − 4 |b|2
2



−(α+2+2m)

= |a|2m


 2

1 + |a|2 − |b|2 +

√(
1− |a|2 + |b|2)2 − 4 |b|2




α+2+2m

for any non-negative integer m.

Having made this observation, we can easily prove the next result:

Proposition 4.4 Take α ≥ −1. Suppose that ϕ : D→ D has the form ϕ(z) = az+b,

where |a|+ |b| ≤ 1; then the operator Cϕ : A2
α → A2

α has norm


 2

1 + |a|2 − |b|2 +

√(
1− |a|2 + |b|2)2 − 4 |b|2




(α+2)/2

.
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Proof. If either a or b equals 0, then our assertion is easy to prove; assume therefore

that both terms are nonzero. In view of the preceding comments, the compact case

follows immediately: when |a|+ |b| < 1, the largest element of the spectrum of C∗
ϕCϕ

is 
 2

1 + |a|2 − |b|2 +

√(
1− |a|2 + |b|2)2 − 4 |b|2




α+2

,

which equals ‖Cϕ‖2. Hence we need only consider the situation where |a| + |b| = 1.

In this case, our claim simply reduces to

∥∥Cϕ : A2
α → A2

α

∥∥ = |a|−(α+2)/2 .

For every 0 < r < 1, we define the map

ϕr(z) = rϕ(z) = (ra)z + rb.

Since |ra| + |rb| = r(|a| + |b|) < 1, our norm formula is valid for each operator Cϕr .

For any polynomial f , the functions f ◦ ϕr converge to f ◦ ϕ pointwise on the closed

unit disk. Hence Fatou’s lemma dictates that

‖Cϕ(f)‖2,α ≤ lim inf
r↑1

‖Cϕr(f)‖2,α ,

from which we see that

‖Cϕ‖ ≤ lim inf
r↑1

‖Cϕr‖

= lim
r↑1


 2

1 + |ra|2 − |rb|2 +

√(
1− |ra|2 + |rb|2)2 − 4 |rb|2




(α+2)/2

= |a|−(α+2)/2 .

We use the same technique as Cowen [9] to obtain the reverse inequality. For
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0 < r < 1, consider the point wr = r|a|b/(a|b|) in D; observe that

‖Cϕ‖ ≥ lim sup
r↑1

∥∥C∗
ϕ (Kwr)

∥∥
2,α

‖Kwr‖2,α

= lim sup
r↑1

∥∥Kϕ(wr)

∥∥
2,α

‖Kwr‖2,α

= lim sup
r↑1

(
1− |wr|2

1− |ϕ(wr)|2
)(α+2)/2

= lim
r↑1

(
1− r2

1− (r|a|+ |b|)2

)(α+2)/2

= |a|−(α+2)/2 .

Therefore our formula is valid for every map ϕ(z) = az + b with |a|+ |b| ≤ 1.

As we mentioned in Chapter 2, this result was originally established by Cowen

[9] for composition operators on H2; his proof was later extended to the weighted

Bergman spaces by Hurst [15]. While there are obvious differences between our

proof and Cowen’s, it is impossible not to notice certain similarities as well. Both

arguments, for example, require the calculation of the Denjoy–Wolff point of τ = ϕ◦σ.

Approaching Cowen’s work with the correct mindset, one can interpret a significant

portion of his proof as being a statement about the spectrum of C∗
ϕCϕ.
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Chapter 5

Norms of Composition Operators

with Linear Fractional Symbol

Let ϕ : D→ D be a nonconstant linear fractional map, as in (3.1):

ϕ(z) =
az + b

cz + d
.

Let σ be defined as in (3.2):

σ(z) =
az − c

−bz + d
.

Our goal now is to find a set of conditions, formulated in terms of the map τ = ϕ ◦σ,

under which we can determine ‖Cϕ‖. We introduce these conditions in Section 5.1,

establishing a representation for the norm of a corresponding composition operator

(Theorem 5.11). Our technique also allows us to determine the elements on which

such an operator attains its norm, a question we discuss further in Section 5.2. Sec-

tion 5.3 provides several specific examples of linear fractional ϕ that satisfy these

conditions. We conclude the chapter with a few related results, including the state-

ment of a theorem recently obtained by the author in collaboration with three other
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mathematicians.

The principal results of this section also appear, in somewhat abbreviated form,

in a current paper of the author [14].

5.1 The spectrum of C∗
ϕCϕ

For a non-negative integer j, let τj denote the jth iterate of τ = ϕ ◦ σ; that is,

τ0 is the identity map on D and τj+1 = τ ◦ τj. Throughout the next two sections, we

make the following assumption:

There is some integer n ≥ 0 such that τn(ϕ(0)) = 0. (5.1)

In effect, this condition is a generalization of the case where ϕ(0) = 0. To avoid a

triviality, we also assume that ϕ does not have the form ϕ(z) = az.

We begin with several basic observations about ϕ:

Lemma 5.1 Suppose that τn(ϕ(0)) = 0 and that ϕ(z) 6= az; then the map ϕ cannot

be an automorphism of D.

Proof. Suppose that ϕ is an automorphism; in other words, ϕ has the form

ϕ(z) = s

(
w − z

1− wz

)
=

sz − sw

wz − 1
, (5.2)

where w is a point in D and s is a constant of modulus 1. The corresponding map σ

may be written

σ(z) =
sz − w

swz − 1
.

By direct calculation, we see that

τ(z) = ϕ(σ(z)) =
|s|2 (

1− |w|2) z(
1− |w|2) = z.
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Therefore, since τn(ϕ(0)) = 0, the point ϕ(0) must equal 0. Considering line (5.2),

we see that ϕ must have the form

ϕ(z) = −sz,

which is excluded by our initial assumptions.

Since ϕ is not an automorphism, neither is the map τ = ϕ ◦ σ. Hence τ has a

Denjoy–Wolff point , that is, a unique fixed point w0 in the closed unit disk such that

the iterates τj converge to w0 uniformly on compact subsets of D. (See Section 2.3

of [11] for a detailed discussion of this topic.) This fact allows us to prove the next

three lemmas:

Lemma 5.2 Suppose that τn(ϕ(0)) = 0 and that ϕ(z) 6= az; then the map ϕ cannot

have the form ϕ(z) = az + b.

Proof. Suppose that ϕ(z) = az + b; then

σ(z) =
az

−bz + 1
.

Observe that σ(0) = 0, which means that

0 = τn(ϕ(0)) = τn(ϕ(σ(0))) = τn+1(0).

Consequently τk(n+1)(0) = 0 for any positive integer k. Since the iterates τj(0) con-

verge to w0, we conclude that w0 = 0. Hence τ(0) = 0, so

0 = τ(0) = ϕ(σ(0)) = ϕ(0),

which implies that ϕ has the form ϕ(z) = az.
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Lemma 5.3 Suppose that τn(ϕ(0)) = 0 and that ϕ(z) 6= az; then the point τj(ϕ(0))

never equals σ−1(0).

Proof. Suppose that τm(ϕ(0)) = σ−1(0) for some integer m ≥ 0. In this case,

τm+1(ϕ(0)) = τ(τm(ϕ(0))) = τ(σ−1(0)) = ϕ(0).

Hence τk(m+1)(ϕ(0)) = ϕ(0) for any positive integer k, which implies that w0 = ϕ(0).

Consequently τ(ϕ(0)) = ϕ(0), from which we see that

ϕ(0) = τn(ϕ(0)) = 0.

Since τ fixes ϕ(0) = 0, we see that τ(0) = 0 as well; it follows that σ(0) = 0. In other

words, the map

ϕ(z) =
az + b

cz + d

has both b = 0 and c = 0, which means that it has the forbidden form ϕ(z) =

(a/d)z.

Lemma 5.4 Suppose that τn(ϕ(0)) = 0 and that ϕ(z) 6= az; then the point τj(ϕ(0))

does not equal τm(ϕ(0)) if j 6= m.

Proof. Suppose that τj(ϕ(0)) = τm(ϕ(0)) for j < m. In this case,

τm−j(ϕ(0)) = ϕ(0),

from which it follows that

τ(τm−j−1(ϕ(0))) = ϕ(0),

or

τm−j−1(ϕ(0)) = σ−1(0).

Lemma 5.3 tells us that this situation is impossible.
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In particular, Lemma 5.4 shows that τj(ϕ(0)) 6= 0 for j 6= n; thus there is no

ambiguity associated with the possibility that multiple integers satisfy property (5.1).

While various indices appear in different contexts during the course of this argument,

we always reserve n for the unique integer such that τn(ϕ(0)) = 0.

Let W denote the set of points {τj(ϕ(0))}n
j=0. Lemma 5.3 guarantees that equation

(3.6), our usual representation for C∗
ϕCϕ, is valid at each point in W . Consider K⊥W ,

the subspace of H2 consisting of all functions that vanish on W . The following

observation is crucial to the results of this section:

Proposition 5.5 The subspace K⊥W is invariant under the operator C∗
ϕCϕ.

Proof. Suppose that f belongs to K⊥W ; it follows from equation (3.6) that

(
C∗

ϕCϕ(f)
)
(τj(ϕ(0))) = ψ(τj(ϕ(0)))f(τj+1(ϕ(0))) + χ(τj(ϕ(0)))f(ϕ(0))

= ψ(τj(ϕ(0)))f(τj+1(ϕ(0))).

For 0 ≤ j ≤ n−1, the term f(τj+1(ϕ(0))) equals 0; for j = n, the term ψ(τj(ϕ(0))) =

ψ(0) vanishes. Therefore
(
C∗

ϕCϕ

)
(f) also belongs to K⊥W .

It is not difficult to determine the spectrum of the operator C∗
ϕCϕ : K⊥W → K⊥W ,

at least whenever Cϕ is compact:

Proposition 5.6 Suppose that the operator Cϕ : H2 → H2 is compact; then the

spectrum of C∗
ϕCϕ : K⊥W → K⊥W is precisely 0∪{ψ(w0)τ

′(w0)
m}∞m=0, where w0 denotes

the Denjoy–Wolff point of τ = ϕ ◦ σ.

Proof. Since any function in K⊥W vanishes at ϕ(0), the operator C∗
ϕCϕ : K⊥W → K⊥W

may be written

(
C∗

ϕCϕ(f)
)
(z) = ψ(z)f(τ(z)).
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for all z in the open set D \ {σ−1(0)}. The compactness of Cϕ implies that ‖τ‖∞ ≤
‖ϕ‖∞ < 1; hence w0, the Denjoy–Wolff point of τ , lies in D. If w0 = σ−1(0), then

σ−1(0) = τ(σ−1(0)) = ϕ(0),

which contradicts Lemma 5.3; consequently w0 belongs to D \ {σ−1(0)}. In other

words, the operator C∗
ϕCϕ : K⊥W → K⊥W locally resembles a weighted composition

operator on the set D \ {σ−1(0)}, in the sense we defined in Section 4.1.

Lemma 5.4 implies that τ does not fix any point τj(ϕ(0)), which means that w0

does not belong to the set W = {τj(ϕ(0))}n
j=0. Therefore, for any integer m ≥ 0, the

function

xm(z) = (z − w0)
m

n∏
j=0

(z − τj(ϕ(0)))

belongs to K⊥W and has a zero of order m at w0. Consequently every non-negative

integer belongs to the set M, so our claim follows from Proposition 4.3.

This fact, although interesting, does not particularly help us to determine ‖Cϕ‖.
Proposition 5.6 does, however, prove to be relevant to our work in Section 6.3

We now turn our attention to KW , the span of the kernel functions
{
Kτj(ϕ(0))

}n

j=0
;

observe that it has dimension n + 1. Since C∗
ϕCϕ : H2 → H2 is self-adjoint, the

subspace KW is also invariant under the operator. Our strategy for finding ‖Cϕ‖
centers around determining the spectrum, namely the eigenvalues, of the operator

C∗
ϕCϕ : KW → KW .

The next several results pertain to the eigenvalues and eigenfunctions of C∗
ϕCϕ.

The following proposition serves as a generalization of Observation 2.4:
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Proposition 5.7 Let λ be an eigenvalue of C∗
ϕCϕ : H2 → H2 with a corresponding

eigenfunction g. For every integer j ≥ 0, the following relationship holds:

λj+1g(0) =

[
j−1∏
m=0

ψ(τm(ϕ(0)))

]
g(τj(ϕ(0)))

+

j−1∑

k=0

χ(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

]
λj−kg(0),

where we take
∏−1

m=0(·) to equal 1 and
∑−1

k=0(·) to equal 0.

Proof (by induction). Since λg(0) = g(ϕ(0)), the claim holds for j = 0. For any

j ≥ 0, equation (3.6) dictates that

λg(τj(ϕ(0))) =
((

C∗
ϕCϕ

)
g
)
(τj(ϕ(0)))

= ψ(τj(ϕ(0)))g(τj+1(ϕ(0))) + χ(τj(ϕ(0)))λg(0). (5.3)

Now assume that our claim holds for the index j. Multiplying both sides of the

consequent equation by λ and substituting expression (5.3) for λg(τj(ϕ(0))), we obtain

λj+2g(0) =

[
j−1∏
m=0

ψ(τm(ϕ(0)))

]
[ψ(τj(ϕ(0)))g(τj+1(ϕ(0))) + χ(τj(ϕ(0)))λg(0)]

+

j−1∑

k=0

χ(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

]
λj+1−kg(0)

=

[
j∏

m=0

ψ(τm(ϕ(0)))

]
g(τj+1(ϕ(0)))

+

j∑

k=0

χ(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

]
λj+1−kg(0).

Hence our claim also holds for the index j + 1.

Since both KW and K⊥W are invariant under C∗
ϕCϕ : H2 → H2, each eigenvalue

λ of C∗
ϕCϕ has an eigenfunction belonging to one of the two subspaces. The next

proposition provides a distinguishing characteristic for eigenfunctions in K⊥W .
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Proposition 5.8 Let g be an eigenfunction for C∗
ϕCϕ : H2 → H2; then g belongs to

K⊥W if and only if g(0) = 0.

Proof. If g belongs to K⊥W , then by definition g(0) = g(τn(ϕ(0))) equals 0. Conversely,

suppose that g is an eigenfunction for C∗
ϕCϕ with g(0) = 0. In this case, Proposition

5.7 dictates that

0 = λj+1g(0) =

[
j−1∏
m=0

ψ(τm(ϕ(0)))

]
g(τj(ϕ(0)))

for all j ≥ 0. Since ψ(τm(ϕ(0))) is nonzero for 0 ≤ m ≤ n − 1, the function g must

vanish on the entire set {τj(ϕ(0))}n
j=0. In other words, g belongs to the subspace

K⊥W .

Corollary 5.9 Suppose that g1 and g2 are eigenfunctions for C∗
ϕCϕ which belong to

KW ; if they correspond to the same eigenvalue, then one is a scalar multiple of the

other.

Proof. We appeal to the proof of Corollary 2.3, bearing in mind that no eigenfunction

in KW can vanish at 0.

Consequently every eigenspace of C∗
ϕCϕ : KW → KW has dimension 1. Since

C∗
ϕCϕ : KW → KW is a self-adjoint operator on a finite dimensional space, we know

that KW is spanned by eigenfunctions of C∗
ϕCϕ. Since KW has dimension n + 1, the

operator C∗
ϕCϕ : KW → KW must have n + 1 distinct eigenvalues.

We return to the result of Proposition 5.7. Taking j = n and observing that

χ(τn(ϕ(0))) = χ(0) = 1, we obtain the expression

λn+1g(0) =
n∑

k=0

χ(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

]
λn−kg(0).
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Suppose that the eigenfunction g belongs to KW ; then g(0) 6= 0 and

λn+1 =
n∑

k=0

χ(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

]
λn−k.

In other words, any eigenvalue λ of C∗
ϕCϕ : KW → KW is a solution to this polynomial

equation. Since there are n + 1 distinct eigenvalues and the equation has no more

than n + 1 roots, we conclude that every solution is an eigenvalue. In other words,

p(λ) = λn+1 −
n∑

k=0

χ(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

]
λn−k (5.4)

is the characteristic polynomial of the operator C∗
ϕCϕ : KW → KW .

Finally, we make an observation regarding the essential norm of Cϕ. (The author

is indebted to Paul Bourdon for suggesting the proof of this proposition.)

Proposition 5.10 Under the assumptions of this section, ‖Cϕ‖e < 1.

Proof. If ‖ϕ‖∞ < 1, then Cϕ is compact, so our claim holds. Suppose then that

‖ϕ‖∞ = 1; since ϕ is not an automorphism, there is precisely one pair of points

ζ and ω on ∂D with ϕ(ζ) = ω. Observation 3.2 shows that σ(ω) = ζ; Bourdon,

Levi, Narayan, and Shapiro [5] proved in general that σ′(ω) = (ϕ′(ζ))−1. Therefore

τ(ω) = ω and τ ′(ω) = 1. Consider the map τn ◦ ϕ. The assumptions of this section

guarantee that τn ◦ ϕ fixes the origin; since ϕ is not surjective, τn ◦ ϕ cannot be an

automorphism of D. Hence Lemma 7.33 in [11] shows that

lim inf
z→ζ

1− |(τn ◦ ϕ)(z)|
1− |z| > 1.

Since τn ◦ ϕ is analytic on a neighborhood of the closed unit disk and (τn ◦ ϕ)(ζ) =

τn(ω) = ω, the Julia–Carathéodory theorem (see Theorem 2.44 in [11]) dictates that

|(τn ◦ ϕ)′(ζ))| > 1. Consequently

1 < |(τn)′(ϕ(ζ)) · ϕ′(ζ)| = |(τn)′(ω) · ϕ′(ζ)| = |ϕ′(ζ)|.
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Appealing to expression (2.4), we see that

‖Cϕ‖2
e = max

{
|ϕ′(w)|−1

: |w| = |ϕ(w)| = 1
}

= |ϕ′(ζ)|−1
< 1,

as we had hoped to show.

Since ‖Cϕ‖ ≥ 1, Proposition 1.3 dictates that Cϕ : H2 → H2 attains its norm on

an element of H2; that is, ‖Cϕ‖2 is an eigenvalue of C∗
ϕCϕ : H2 → H2. Proposition

2.2 guarantees that any corresponding eigenfunction must belong to KW . In other

words, ‖Cϕ‖2 is the largest eigenvalue of C∗
ϕCϕ : KW → KW , meaning that it is the

largest zero of the polynomial p. Hence we have proved the following result:

Theorem 5.11 Let ϕ : D→ D be a linear fractional map, with ϕ(z) 6= az. Suppose

that τn(ϕ(0)) = 0 for some integer n ≥ 0; then ‖Cϕ‖2 is the largest zero of the

polynomial p in equation (5.4), and the elements on which Cϕ attains its norm are

linear combinations of the kernel functions
{
Kτj(ϕ(0))

}n

j=0
.

Whenever n ≥ 1, Theorem 3.7 dictates that Sϕ < ‖Cϕ‖. Assuming that we can

find examples of such ϕ, this would appear to be the first case of a composition

operator whose norm we can calculate, for which the norm is not given by the action

of Cϕ on the reproducing kernel functions of H2.

5.2 The eigenfunctions of C∗
ϕCϕ

Having determined a particular eigenvalue λ of C∗
ϕCϕ : KW → KW , it is possible

to find the corresponding eigenfunctions. In particular, considering Theorem 5.11, we

can identify the functions on which the operator Cϕ attains its norm. Let λ be such
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an eigenvalue and g be its unique eigenfunction in KW with g(0) = g(τn(ϕ(0))) = 1.

We write

g(z) =
n∑

i=0

αi

1− τi(ϕ(0))z
,

where we hope to determine the coefficients αi. For any index 0 ≤ j ≤ n− 1, we may

appeal to Proposition 5.7 to find g(τj(ϕ(0))) explicitly in terms of λ:

g(τj(ϕ(0))) =
λj+1 −∑j−1

k=0 χ(τk(ϕ(0)))
[∏k−1

m=0 ψ(τm(ϕ(0)))
]
λj−k

∏j−1
m=0 ψ(τm(ϕ(0)))

.

Therefore we obtain the matrix equation

[
1

1− τi(ϕ(0))τj(ϕ(0))

]

0≤j,i≤n

[αi]0≤i≤n = [g(τj(ϕ(0)))]0≤j≤n .

The (n + 1)× (n + 1) matrix is simply the Gram matrix of the vectors
{
Kτi(ϕ(0))

}n

i=0
,

whose determinant is positive since the kernel functions are linearly independent (see

Theorem XX.1 in [19]). Hence we can use Cramer’s rule to solve explicitly for the

coefficients.

For example, take n = 1. Then




1
1−|ϕ(0)|2 1

1 1







α0

α1


 =




g(ϕ(0))

g(0)


 =




λ

1


 ,

so

α0 =

∣∣∣∣∣∣∣

λ 1

1 1

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

1
1−|ϕ(0)|2 1

1 1

∣∣∣∣∣∣∣

=
λ− 1
1

1−|ϕ(0)|2 − 1
and α1 =

∣∣∣∣∣∣∣

1
1−|ϕ(0)|2 λ

1 1

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

1
1−|ϕ(0)|2 1

1 1

∣∣∣∣∣∣∣

=

1
1−|ϕ(0)|2 − λ

1
1−|ϕ(0)|2 − 1

.
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5.3 Examples

It is not difficult to find examples of ϕ with the property that τ(ϕ(0)) = 0. In

terms of its coefficients, a linear fractional map ϕ : D→ D (which does not have the

form ϕ(z) = az) satisfies this condition if and only if

|d|2 − |b|2 =
a

b
(cd− ab) .

In such a case, the polynomial p in (5.4) may be written

p(λ) = λ2 − χ(ϕ(0))λ− ψ(ϕ(0)).

Hence any eigenvalue λ of C∗
ϕCϕ : KW → KW has the form

λ =
χ(ϕ(0))±

√
χ(ϕ(0))2 + 4ψ(ϕ(0))

2
=

acd
b
±

√(
acd
b

)2 − 4
(
ad− bc

)
ad

2
(|d|2 − |b|2) .

In particular, ‖Cϕ‖2 is the larger of these two values.

For example, take

ϕ(z) =
16z + 8

19z + 32
.

Since ‖ϕ‖∞ < 1, the operator Cϕ is compact. Observe that τ(ϕ(0)) = 0, which means

that

‖Cϕ‖2 =
19 +

√
181

30
≈ 1.081787468.

Moreover, the operator attains its norm on the element

(
−11 +

√
181

)
K1/4 + 13−

√
181.

At this point, we turn our attention to a larger class of examples. Let n be a

positive integer and r a real number greater than n. Define

ϕ(z) =
rz − n

−(n + 1)z + (r + 1)
.
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In order to show that ϕ is a self-map of D, we shift our attention momentarily to the

right half-plane {z : Re(z) > 0}. Consider the map

L(z) =
1 + z

1− z
,

a bijection that takes D onto the right half-plane. A simple calculation shows that

(
L ◦ ϕ ◦ L−1

)
(z) =

(
r − n

r + n + 1

)
z +

1

r + n + 1
.

Since both (r − n)/(r + n + 1) and 1/(r + n + 1) are positive numbers, the map

L ◦ ϕ ◦ L−1 takes the right half-plane into itself. Consequently ϕ takes D into D.

Furthermore, since

|ϕ(1)| = r − n

r − n
= 1

and

|ϕ(−1)| = r + n

r + n + 2
< 1,

we see that ∂ϕ(D) ∩ ∂D = {1}.
The essential norm of the corresponding composition operator is easy to calculate:

‖Cϕ‖2
e = max

{
|ϕ′(w)|−1

: |w| = |ϕ(w)| = 1
}

= |ϕ′(1)|−1
=

(r − n)2

r(r + 1)− n(n + 1)
=

r − n

r + n + 1
.

The following observation will allow us to determine ‖Cϕ‖ as well:

Lemma 5.12 Each iterate τj has the form

τj(z) =
(r + n− j + 1) z + j

−jz + (r + n + j + 1)
.

Proof (by induction). Observe that

τ0(z) = z =
(r + n− 0 + 1) z + 0

−0z + (r + n + 0 + 1)
,
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so the claim holds for j = 0. Assume then that the assertion holds for a particular

index j. Since

σ(z) =
rz + (n + 1)

nz + (r + 1)
,

the map τ = ϕ ◦ σ may be written

τ(z) =
(r2 − n2) z + (r − n)

(−r + n)z + (r2 − n2 + 2r − 2n)
=

(r + n)z + 1

−z + (r + n + 2)
.

Note that

τj+1(z) = (τ ◦ τj)(z),

which we may write as

az + b

cz + d

where

a = (r + n)(r + n− j + 1) + (1)(−j),

b = (r + n)(j) + (1)(r + n + j + 1),

c = (−1)(r + n− j + 1) + (r + n + 2)(−j),

d = (−1)(j) + (r + n + 2)(r + n + j + 1).

Performing routine manipulations, we see that

τj+1(z) =
(r + n + 1)(r + n− j)z + (r + n + 1)(j + 1)

(r + n + 1)(−j − 1)z + (r + n + 1)(r + n + j + 2)

=
(r + n− j)z + (j + 1)

(−j − 1)z + (r + n + j + 2)
.

Therefore the claim also holds for the index j + 1.

Lemma 5.12 dictates that

τj(ϕ(0)) =
(r + n− j + 1)

(− n
r+1

)
+ j

−j
(− n

r+1

)
+ (r + n + j + 1)

=
j − n

r + j + 1
.
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In particular τn(ϕ(0)) = 0, so Theorem 5.11 applies for any such ϕ. Observe that

ψ(τj(ϕ(0))) =
(r (r + 1)− n (n + 1))

(
j−n

r+j+1

)
(
r
(

j−n
r+j+1

)
+ n + 1

)(
n

(
j−n

r+j+1

)
+ r + 1

)

=
(r − n) (j − n) (r + j + 1)

(j + 1) (r + n + 1) (r + j − n + 1)

and

χ(τj(ϕ(0))) =
n + 1

r
(

j−n
r+j+1

)
+ n + 1

=
(n + 1) (r + j + 1)

(j + 1) (r + n + 1)
.

Hence the characteristic polynomial of C∗
ϕCϕ : KW → KW may be written

p(λ) = λn+1−
n∑

k=0

(n + 1) (r + k + 1)

(k + 1) (r + n + 1)

[
k−1∏
m=0

(r − n) (m− n) (r + m + 1)

(m + 1) (r + n + 1) (r + m− n + 1)

]
λn−k,

and ‖Cϕ‖2 is the largest zero of this polynomial.

In particular, if n = 1 then

‖Cϕ‖2 =
r + 1

r + 2
+

1

r + 2

√
2(r + 1)

r
.

For n = 2, we solve the resulting cubic equation to obtain

‖Cϕ‖2 =
r + 1

r + 3
+

2

r + 3
3

√
3 (r + 1)

r (r − 1)
Re


 3

√
(r + 4) + i (r − 2)

√
2(r + 2)

r − 1


 ,

where we take the principal branch of the cube root function. For example, if

ϕ(z) =
4z − 2

−3z + 5

then

‖Cϕ‖2 =
5

7
+

2 Re 3
√

10 + 5i

7
=

5

7
+

2
√

5

7
cos

(
arctan

(
1
2

)

3

)
≈ 1.345547525.
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5.4 Further results

The strategy we used to prove Theorem 5.11 cannot be employed, at least with-

out substantial modification, to determine ‖Cϕ‖ for any other linear fractional ϕ.

For example, it is generally impossible to decompose H2 into the direct sum of two

nontrivial subspaces KW and K⊥W , each invariant under the operator C∗
ϕCϕ. To be

more precise, we have the following result:

Proposition 5.13 Let ϕ : D→ D be a non-automorphic linear fractional map which

does not have the form ϕ(z) = az + b. Let W be a collection of points in D such

that both KW and K⊥W are nontrivial subspaces of H2. Suppose that KW is invariant

under the operator C∗
ϕCϕ : H2 → H2; then τn(ϕ(0)) = 0 for a unique integer n ≥ 0,

there are n + 1 points in W , and W = {τj(ϕ(0))}n
j=0 .

Taking W to be a singleton set, we obtain a variation of the statement of Proposition

3.6. Not surprisingly, the proofs of these two propositions involve the same basic idea.

Proof of Proposition 5.13. The orthogonal complement K⊥W is also invariant under

the self-adjoint operator C∗
ϕCϕ. We use this fact to determine the structure of W .

To make our argument more comprehensible, we break the proof into several smaller

claims:

Claim 5.14 The point σ−1(0) does not belong to W .

Proof. Suppose that σ−1(0) = c/a does belong to W . Line (3.7) dictates that

(
C∗

ϕCϕ(f)
)
(σ−1(0)) =

c

a
f ′(ϕ(0))τ ′(σ−1(0)) +

ad

ad− bc
f(ϕ(0)),

which must equal 0 for any f in K⊥W . Let f1 be a function in K⊥W which has a zero

of order 1 at each point in W , a zero of order 1 at ϕ(0), and is nonzero at every
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other point in D. (It is possible, of course, that ϕ(0) belongs to W , in which case f1

simply has a zero of order 1 at each point in W .) The assumption that ϕ(z) 6= az + b

guarantees that c 6= 0; since f1(ϕ(0)) = 0 and τ = ϕ◦σ is univalent, the term f ′1(ϕ(0))

must equal 0, which is not the case. ♦

It follows that equation (3.6) is valid at each point y in W , which means that

0 =
(
C∗

ϕCϕ(f)
)
(y) = ψ(y)f(τ(y)) + χ(y)f(ϕ(0))

for all f in K⊥W .

Claim 5.15 If y is a nonzero element of W , then τ(y) also belongs to W .

Proof. Again consider the function f1 in K⊥W , as defined in the proof of Claim 5.14.

Since f1(ϕ(0)) = 0 and ψ(y) 6= 0, it follows that f1(τ(y)) must also vanish. Therefore

τ(y) belongs to the set W ∪ {ϕ(0)}. If τ(y) = ϕ(0), then y would equal σ−1(0),

contradicting Claim 5.14. Therefore τ(y) must belong to W . ♦

Claim 5.16 The point ϕ(0) belongs to W .

Proof. Suppose first that 0 is the only point in W . In this case, the span of the

constant function K0(z) = 1 is invariant under C∗
ϕCϕ. Therefore

(
C∗

ϕCϕ

)
(K0) = C∗

ϕ(K0) = Kϕ(0)

is a constant function; hence ϕ(0) equals 0, which belongs to W . Now assume that

W contains a nonzero element y; suppose that ϕ(0) does not belong to W . Consider

a function f2 in K⊥W which does not vanish at any point in D \W . Claim 5.15 shows

that τ(y) also belongs to W , which means that

0 =
(
C∗

ϕCϕ(f2)
)
(y) = ψ(y)f2(τ(y)) + χ(y)f2(ϕ(0)) = χ(y)f2(ϕ(0)).
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Since χ(y) 6= 0 and f2(ϕ(0)) 6= 0, we obtain a contradiction. Therefore ϕ(0) must

belong to W . ♦

Claim 5.17 There is a unique integer n ≥ 0 such that τn(ϕ(0)) = 0; moreover, every

point in the set {τj(ϕ(0))}n
j=0 belongs to W .

Proof. If ϕ(0) = 0, then this fact is apparent; thus we consider the situation where

ϕ(0) 6= 0. Suppose that τj(ϕ(0)) 6= 0 for all j. Since ϕ(0) belongs to W , Claim 5.15

shows that every point τj(ϕ(0)) belongs to W . The sequence {τj(ϕ(0))}∞j=0 converges

to w0, the Denjoy–Wolff point of τ . In order for K⊥W to be nontrivial, the set W must

have no limit point in D; suppose then that w0 lies on ∂D. In this case, Lemma 3.3

in [4] dictates that there is some positive constant C such that

1− |τj(ϕ(0))| ≥ Cj−1

for all j ≥ 1. Therefore {τj(ϕ(0))}∞j=0 is not a Blaschke sequence, which means that

there is no element of H2, other than the zero function, which vanishes on the set

(see Theorem 2.3 in [13]). Hence the subspace K⊥W must be trivial, which contradicts

our initial assumptions.

In other words, there is some integer n ≥ 0 such that τn(ϕ(0)) = 0. Since ϕ does

not have the form ϕ(z) = az, Lemma 5.4 guarantees that n is the unique integer with

this property. Since τj(ϕ(0)) 6= 0 for 0 ≤ j ≤ n − 1, Claim 5.15 shows that every

point in the set {τj(ϕ(0))}n
j=0 also belongs to W . ♦

Claim 5.18 Every point in W belongs to the set {τj(ϕ(0))}n
j=0.

Proof. Let y be an element of W . Repeating the argument of Claim 5.17, we see

that the points τj(y) cannot all be nonzero; let m be the smallest integer such that
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τm(y) = 0. Suppose that m > n. Observe that τm−n(y) = ϕ(0), or

τm−n−1(y) = σ−1(0).

If m − n − 1 = 0, then y = σ−1(0); if m − n − 1 > 0, then Claim 5.15 shows that

τm−n−1(y) = σ−1(0) belongs to W . In either case, we obtain a contradiction to Claim

5.14. Consequently m ≤ n, which means that y = τn−m(ϕ(0)). ♦

Combining these observations, we obtain the desired conclusion.

While we cannot decompose H2 as we did in Section 5.1, it is possible to adapt the

basic techniques of that argument to obtain an “n = ∞” version of Theorem 5.11.

We sketch several results along these lines, all of which appear in a current paper

of Paul Bourdon, Erin Fry, Christina Spofford, and the author [4]. The following

theorem may be considered our main result:

Theorem 5.19 Let ϕ be a linear fractional self-map of D that fixes the point 1. If

‖Cϕ‖ > ‖Cϕ‖e, then ‖Cϕ‖2 is the largest value of λ which satisfies the equation

∞∑

k=0

χ(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

] (
1

λ

)k+1

= 1. (5.5)

We provide a rudimentary outline of the proof, omitting several important details;

the complete argument appears in [4].

Outline of the proof of Theorem 5.19. Let λ > ‖Cϕ‖2
e be an eigenvalue for C∗

ϕCϕ

which has a corresponding eigenfunction g that does vanish at 0. Checking the nec-

essary details, we obtain the same functional equation as in Section 5.1:

λj+1g(0) =

[
j−1∏
m=0

ψ(τm(ϕ(0)))

]
g(τj(ϕ(0)))

+

j−1∑

k=0

χ(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

]
λj−kg(0).
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Dividing both sides by λj+1, we see that

g(0) =

[
j−1∏
m=0

ψ(τm(ϕ(0)))

] (
1

λ

)j+1

g(τj(ϕ(0)))

+

j−1∑

k=0

χ(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

] (
1

λ

)k+1

g(0).

We can show that the term

[
j−1∏
m=0

ψ(τm(ϕ(0)))

](
1

λ

)j+1

g(τj(ϕ(0)))

tends to 0 as j goes to infinity. Therefore, since g(0) 6= 0, the eigenvalue λ satisfies

equation (5.5).

On the other hand, if λ > ‖Cϕ‖2
e is a solution to (5.5), we can prove that it must

be an eigenvalue for C∗
ϕCϕ. If λ were not an eigenvalue, then it would not belong to

the spectrum of C∗
ϕCϕ; in other words, the operator C∗

ϕCϕ − λ would be invertible.

Using this fact, we can demonstrate that

∞∑

k=0

h(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

] (
1

λ

)k+1

= 0

for all h in H2. We can show that this equation contradicts (5.5).

Since ‖Cϕ‖e < ‖Cϕ‖, Proposition 1.3 dictates that ‖Cϕ‖2 is the largest eigenvalue

for C∗
ϕCϕ; Proposition 2.2 guarantees that the corresponding eigenfunctions do not

vanish at 0. Consequently ‖Cϕ‖2 satisfies equation (5.5) and is greater than every

other solution.

In the case where τn(ϕ(0)) = 0 for some integer n ≥ 0, line (5.5) reduces to the

polynomial equation from Theorem 5.11. Theorems 5.11 and 5.19 are similar in spirit:

they both describe ‖Cϕ‖ in terms of the zeros of a particular analytic function.
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Theorem 5.19 has several interesting consequences. For example, let

ϕ(z) =
α− 1

α− z

for some α > 1; it is not difficult to show that ‖Cϕ‖ > ‖Cϕ‖e. For such a ϕ, equation

(5.5) may be rewritten

∞∑

k=0

(α− 1)k+1

(k + 1)α− 1

(
1

λ

)k+1

= 1. (5.6)

This representation for ‖Cϕ‖ allows us to prove an astonishing fact. Take α = 2, so

that ϕ(z) = 1/(2− z); in this case, line (5.6) reduces to

∞∑

k=0

1

2k + 1

(
1

λ

)k+1

= 1.

Summing the series and taking λ = ‖Cϕ‖2, we see that

1

2‖Cϕ‖ log

(‖Cϕ‖+ 1

‖Cϕ‖ − 1

)
= 1. (5.7)

If ‖Cϕ‖ happened to be an algebraic number, then Baker’s theorem [3] would dic-

tate that the left-hand side of (5.7) must be transcendental; since 1 is algebraic, we

conclude that the norm of Cϕ is, in fact, a transcendental number. This example

shows that there can be no algebraic formula, involving only the coefficients of ϕ,

which gives ‖Cϕ‖ for every linear fractional ϕ. In particular, Proposition 4.4 cannot

be extended in an obvious manner to include all linear fractional maps.

The second half of the proof of Theorem 5.19 yields a helpful test for determining

the relationship between ‖Cϕ‖ and ‖Cϕ‖e:

Corollary 5.20 Let ϕ be a non-automorphic linear fractional self-map of D that

fixes the point 1. If there is a number Λ > ‖Cϕ‖2
e with

∞∑

k=0

χ(τk(ϕ(0)))

[
k−1∏
m=0

ψ(τm(ϕ(0)))

](
1

Λ

)k+1

= 1,
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then Λ is an eigenvalue for C∗
ϕCϕ; in particular, ‖Cϕ‖2 ≥ Λ > ‖Cϕ‖2

e.

For example, we can apply this test to a map of the form

ϕ(z) =
(r + s)z + (1− s)

r(1− s)z + (1 + sr)
,

where 0 < s < 1 and −1 < r < 0, to show that ‖Cϕ‖e is strictly less than ‖Cϕ‖. For

any such ϕ, we know that the spectral radius of Cϕ is equal to ‖Cϕ‖e (see Theorem

3.9 in [11]). Consequently C∗
ϕ cannot be a hyponormal operator, which answers a

question posed by Cowen and MacCluer [12].

One can also prove a version of Theorem 5.19 which holds for certain compact

composition operators. In this case, the criterion guaranteeing the validity of our

representation for ‖Cϕ‖ is no longer that ‖Cϕ‖e < ‖Cϕ‖ (which would always hold,

since ‖Cϕ‖e = 0); instead the condition is that |ψ(w0)| < ‖Cϕ‖2, where w0 denotes

the Denjoy–Wolff point of τ .
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Chapter 6

Norms of Composition Operators

on Subspaces of H2

Consider the Hardy space H2. For an integer n ≥ 0, we write H2
(n) to denote the

subspace of H2 consisting of all functions with a zero of order at least n at the origin.

Throughout this chapter, we take ϕ : D → D to be a nonconstant analytic map

with ϕ(0) = 0. Observe that each subspace H2
(n) is invariant under the corresponding

composition operator Cϕ. While it is easy to determine the norm of Cϕ on H2 (namely

‖Cϕ‖ = 1), there is no obvious method for finding the norm of Cϕ on H2
(n). In this

chapter, we approach this question using the techniques we have already developed.

Not surprisingly, we obtain particularly interesting results in the case where ϕ is a

linear fractional map.
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6.1 The essential norm of Cϕ on H2
(n)

As it turns out, it is not difficult to determine the essential norm of Cϕ on the

subspace H2
(n). We state the following proposition without proof; this fact, which

appears as Proposition 5.1 in [26], serves as an important step in the proof of Shapiro’s

essential norm formula:

Proposition 6.1 Let T be a bounded operator on a Hilbert space H. Let {Km}
be a sequence of compact self-adjoint operators on H; write Pm = I − Km, where

I denotes the identity operator on H. Suppose that ‖Pm‖ = 1 for each m and that

limm→∞ ‖Pm(h)‖ = 0 for each h in H; then ‖T‖e = limm→∞ ‖TPm‖.

In particular, take H to be H2
(n). For m ≥ n + 1, let Km denote the orthogonal

projection of H2
(n) onto the subspace spanned by the monomials

{
zk

}m−1

k=n
. Each Km,

having finite dimensional range, is compact. Observe that Pm = I − Km is the

projection of H2
(n) onto H2

(m); therefore ‖Pm‖ = 1 for every m. For any function

f(z) =
∑∞

k=n akz
k in H2

(n), we see that

‖Pm(f)‖2
2 =

∞∑

k=m

|ak|2

for all m ≥ n + 1; hence limm→∞ ‖Pm(f)‖2 = 0. In other words, the operators Km

and Pm satisfy the hypotheses of Proposition 6.1.

Since (CϕPm) (f) = Cϕ(f) for every f in H2
(m) and ‖Pm‖ = 1, we note that

∥∥CϕPm : H2
(n) → H2

(n)

∥∥ =
∥∥Cϕ : H2

(m) → H2
(m)

∥∥

for any m ≥ n+1. Considering Proposition 6.1, we arrive at the following conclusion:

Observation 6.2 Let ϕ be an analytic self-map of D with ϕ(0) = 0; then

∥∥Cϕ : H2
(n) → H2

(n)

∥∥
e
= lim

m→∞

∥∥Cϕ : H2
(m) → H2

(m)

∥∥ .
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Since this observation holds for any value of n, the next result follows immediately:

Observation 6.3 Let ϕ be an analytic self-map of D with ϕ(0) = 0. For any integer

n ≥ 0, the essential norm of the operator Cϕ : H2
(n) → H2

(n) is equal to the essential

norm of Cϕ : H2 → H2.

For the rest of this chapter, without risk of ambiguity, we write ‖Cϕ‖e to denote

the essential norm of the operator Cϕ acting on any of the subspaces H2
(n).

6.2 The norm of Cϕ on H2
(n)

At this point, we commence our investigation of the norm of Cϕ : H2
(n) → H2

(n).

We begin by introducing more manageable notation. Suppose that H2
(n) is invariant

under some operator T : H2 → H2; we write ‖T‖(n) to denote the quantity

∥∥T : H2
(n) → H2

(n)

∥∥ .

Given a map ϕ, we are interested in describing the behavior of ‖Cϕ‖(n) as n varies.

If m ≤ n, then H2
(n) is contained in H2

(m), so ‖Cϕ‖(n) is certainly less than or equal to

‖Cϕ‖(m). In many cases, we can say a good deal more. For example, suppose that ϕ

is an inner function; then (by Proposition 2.1) the operator Cϕ is an isometry of H2,

which means that ‖Cϕ‖(n) = 1 for every n ≥ 0. Applying Observation 6.2, we obtain

the following result:

Observation 6.4 Suppose that ϕ : D→ D is an inner function with ϕ(0) = 0; then

‖Cϕ‖(n) = ‖Cϕ‖e = 1 for every n ≥ 0.

This situation, however, is somewhat atypical. When m < n, it is quite often the

case that ‖Cϕ‖(n) < ‖Cϕ‖(m). The next proposition allows us to discuss this issue

more precisely:
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Proposition 6.5 Let ϕ : D → D be an analytic map with ϕ(0) = 0. Suppose, for

some n ≥ 1, that ‖Cϕ‖(n) is strictly greater than ‖Cϕ‖e; then

‖Cϕ‖(n) < ‖Cϕ‖(n−1) .

Proof. Since Cϕ : H2
(n) → H2

(n) is not extremally noncompact, Proposition 1.3 dictates

that the operator attains its norm on some unit vector g in H2
(n). Note that the

function g̃(z) = g(z)/z is a unit vector in the subspace H2
(n−1). In light of our

hypotheses, Observation 6.4 shows that ϕ cannot be an inner function; hence

lim
r↑1

∣∣g(
ϕ
(
reiθ

))∣∣ < lim
r↑1

∣∣∣∣∣
g
(
ϕ
(
reiθ

))

ϕ
(
reiθ

)
∣∣∣∣∣

for θ in a set of positive measure. Therefore

‖Cϕ‖(n) = ‖Cϕ(g)‖2 < ‖Cϕ(g̃)‖2 ≤ ‖Cϕ‖(n−1) ,

as we had hoped to show.

Appealing to this proposition, we obtain a new proof of a related result, originally

due to Joel Shapiro [28]:

Proposition 6.6 Suppose that ϕ : D→ D is analytic with ϕ(0) = 0; then ϕ is inner

if and only if ‖Cϕ‖(1) = 1.

Proof. Observation 6.4 shows that ‖Cϕ‖(1) = 1 whenever ϕ is inner. Suppose then

that ϕ is not inner; Proposition 4.1 in [28] dictates that

‖Cϕ‖e <

√
1 + |ϕ(0)|
1− |ϕ(0)| = 1.

Since the norm of an operator is never less than its essential norm, ‖Cϕ‖(1) ≥ ‖Cϕ‖e.

If ‖Cϕ‖(1) = ‖Cϕ‖e, then ‖Cϕ‖(1) < 1. If ‖Cϕ‖(1) > ‖Cϕ‖e, then Proposition 6.5 shows

that ‖Cϕ‖(1) < ‖Cϕ‖(0) = 1.
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In other words, whenever ϕ is not inner, the norm of Cϕ acting on H2
(1) is strictly

less than its norm on H2
(0) = H2. As there is no obvious characteristic distinguishing

this pair of subspaces from any other, one might expect to find an analogous result

for other values of n; for example, perhaps ‖Cϕ‖(1) > ‖Cϕ‖(2) whenever ϕ is not inner.

We shall see, however, that this phenomenon does not actually occur; Section 6.3 will

provide specific counterexamples.

In light of Observation 6.2, we see that the values ‖Cϕ‖(n) form a non-increasing

sequence converging to ‖Cϕ‖e. Therefore Proposition 6.5 shows that one of the fol-

lowing two situations must hold:

(1) The sequence ‖Cϕ‖(n) is strictly decreasing, with ‖Cϕ‖(n) > ‖Cϕ‖e

for each n and limn→∞ ‖Cϕ‖(n) = ‖Cϕ‖e.

(2) The sequence ‖Cϕ‖(n) is strictly decreasing up to some integer N ≥ 0,

with ‖Cϕ‖(n) = ‖Cϕ‖(N) = ‖Cϕ‖e for all n ≥ N .

As shown by Observation 6.4, any inner function ϕ provides a rather trivial example of

situation (2). If ϕ is not inner, then either situation can manifest itself. For example,

if the operator Cϕ : H2 → H2 is compact, then situation (1) must hold, since ‖Cϕ‖(n)

never equals 0. In the next section, we shall encounter non-inner ϕ which serve as

further examples of situation (2).

6.3 The linear fractional case

As our final topic, we consider a composition operator Cϕ whose symbol

ϕ(z) =
az

cz + 1
(6.1)
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is a nonconstant linear fractional self-map of D with ϕ(0) = 0; without loss of gen-

erality, we have taken the coefficient d to equal 1. As in Section 3.1, we define the

map

σ(z) = az − c.

Recall that ϕ is a self-map of D if and only if σ is as well; that is, if and only if

|a|+ |c| ≤ 1. The operator Cϕ is noncompact if and only if ‖ϕ‖∞ = 1; that is, if and

only if there are points ζ and ω on ∂D such that ϕ(ζ) = ω. Observation 3.2 shows

that this situation occurs if and only if there are ζ and ω on ∂D such that σ(ω) = ζ,

which occurs precisely when |a|+ |c| = 1.

Whenever Cϕ is noncompact, it is easy to determine its essential norm:

Lemma 6.7 Let ϕ : D → D be a nonconstant linear fractional self-map of D

with ϕ(0) = 0, as in (6.1). Suppose that |a| + |c| = 1, so that the operator Cϕ is

noncompact; then ‖Cϕ‖2
e = |a|.

Proof. If |a| = 1 and c = 0, then ϕ is inner, so ‖Cϕ‖2
e = 1 = |a|. If c is nonzero, then

there is exactly one point ζ on ∂D such that

1 = |ϕ(ζ)| =
∣∣∣∣

aζ

cζ + 1

∣∣∣∣ .

In this case, expression (2.4) shows that

‖Cϕ‖2
e = max

{
|ϕ′(w)|−1

: |w| = |ϕ(w)| = 1
}

= |ϕ′(ζ)|−1
=
|cζ + 1|2
|a| =

∣∣∣∣
cζ + 1

aζ

∣∣∣∣
2 ∣∣aζ2

∣∣ = |a|,

which proves our assertion.

We are interested in determining ‖Cϕ‖(n) for various values of n, in particular

n = 1. As usual, our strategy involves considering the spectrum of the operator
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C∗
ϕCϕ, which we write in terms of the functions

τ(z) = ϕ(σ(z)),

ψ(z) =
az

az − c
,

χ(z) =
c

−az + c
.

We need to be somewhat careful, though, about the precise definition of C∗
ϕ. Even

though each subspace H2
(n) is invariant under Cϕ, the same is not necessarily true for

C∗
ϕ. The adjoint of Cϕ on H2

(n) is, in fact, the restriction of the operator PnC∗
ϕ to

H2
(n), where C∗

ϕ denotes the adjoint of Cϕ on H2 and Pn is the orthogonal projection

of H2 onto H2
(n); we write C

(∗,n)
ϕ to denote this operator.

For one particular set of maps, C
(∗,n)
ϕ actually does equal the restriction of C∗

ϕ to

H2
(n), a fact which allows us to determine ‖Cϕ‖(n):

Proposition 6.8 If ϕ has the form ϕ(z) = az, then ‖Cϕ‖(n) = |a|n for any n.

Proof. If |a| = 1, then Cϕ is an inner function, which guarantees that ‖Cϕ‖(n) = 1

for any n. Now consider the case where 0 < |a| < 1, for which the operator Cϕ is

compact. Cowen’s adjoint formula (Proposition 3.3) dictates C∗
ϕ, the adjoint of Cϕ on

H2, may be written Cσ, where σ(z) = az. Note that each subspace H2
(n) is invariant

under C∗
ϕ, which means that C

(∗,n)
ϕ is simply the restriction of C∗

ϕ = Cσ. Hence the

operator C
(∗,n)
ϕ Cϕ : H2

(n) → H2
(n) may be written Cτ , where τ(z) = |a|2 z.

Applying the results of Chapter 4, we can determine the spectrum of C
(∗,n)
ϕ Cϕ = Cτ

precisely. Observe that 0 is the unique fixed point of the map τ : D → D. For any

m ≥ n, the subspace H2
(n) contains the monomial zm, a function with a zero of order

m at the origin; by definition, H2
(n) does not contain any function with a zero of order

less than n at 0. Hence the set M consists exactly of the integers which are greater



81

than or equal to n. Proposition 4.3 shows that the spectrum of Cτ on H2
(n) is precisely

0 ∪ {|a|2m}∞
m=n

, which means that ‖Cϕ‖2
(n) = ‖Cτ‖(n) = |a|2n.

For any f in H2, observe that

(
C∗

ϕ(f)
)
(0) =

〈
C∗

ϕ(f), K0

〉
= 〈f, Cϕ(K0)〉 = 〈f, K0〉 = f(0).

Consequently the subspace H2
(1) is invariant under C∗

ϕ, so C
(∗,1)
ϕ is actually just the

restriction of C∗
ϕ to H2

(1). This fact, which is specific to this particular subspace, is

crucial to our next result:

Proposition 6.9 Let ϕ : D → D be a nonconstant linear fractional map with

ϕ(0) = 0, as in (6.1), which does not have the form ϕ(z) = az. If the operator

Cϕ : H2 → H2 is compact, then ‖Cϕ‖2
(1) = ψ(w0), where w0 denotes the Denjoy–

Wolff point of τ = ϕ ◦ σ.

Proof. Since τ0(ϕ(0)) = ϕ(0) = 0, the map ϕ is an example of the class discussed in

Section 5.1. In this instance, the subspace K⊥W = K⊥{0} is identical to H2
(1). Therefore

Proposition 5.6 shows that the spectrum of C∗
ϕCϕ : K⊥W → K⊥W , in other words

C
(∗,1)
ϕ Cϕ : H2

(1) → H2
(1), is precisely {0} ∪ {ψ(w0)τ

′(w0)
m}∞m=0. The largest element of

the spectrum is ψ(w0), which equals ‖Cϕ‖2
(1).

Proposition 6.9 allows us to determine ‖Cϕ‖(1) for any linear fractional ϕ.

Theorem 6.10 Let

ϕ(z) =
az

cz + 1

be a nonconstant linear fractional self-map of D with ϕ(0) = 0; then

‖Cϕ‖2
(1) =

2 |a|2

1 + |a|2 − |c|2 +

√(
1− |a|2 + |c|2)2 − 4 |c|2

.
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Proof. If the coefficient c equals 0, then ϕ has the form ϕ(z) = az; in this case, our

claim reduces to saying that ‖Cϕ‖2
(1) = |a|2, which follows from Proposition 6.8. For

the rest of the proof, we assume that c 6= 0.

Suppose first of all that Cϕ is compact; that is, |a|+ |c| < 1. Proposition 6.9 tells

us that ‖Cϕ‖2
(1) = ψ(w0), where w0 denotes the Denjoy–Wolff point of

τ(z) =
|a|2 z − ac

(ac)z +
(
1− |c|2) .

By direct calculation, we see that

w0 =
−1 + |a|2 + |c|2 +

√(
1− |a|2 − |c|2)2 − 4 |ac|2
2ac

.

Therefore

‖Cϕ‖2
(1) = ψ(w0) =

aw0

aw0 − c
=

−2acw0

−2acw0 + 2 |c|2

=
1− |a|2 − |c|2 −

√(
1− |a|2 − |c|2)2 − 4 |ac|2

1− |a|2 + |c|2 −
√(

1− |a|2 − |c|2)2 − 4 |ac|2
. (6.2)

Performing elementary manipulations, we see that line (6.2) equals

2 |a|2

1 + |a|2 − |c|2 +

√(
1− |a|2 − |c|2)2 − 4 |ac|2

=
2 |a|2

1 + |a|2 − |c|2 +

√(
1− |a|2 + |c|2)2 − 4 |c|2

,

thus proving our result for compact Cϕ.

We now consider a map that induces a noncompact composition operator; that

is, ϕ with |a|+ |c| = 1. In this case, our claim simply asserts that ‖Cϕ‖2
(1) = |a|. For

every 0 < r < 1, we define the map

ϕr(z) = rϕ(z) =
(ra)z

cz + 1
.
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Since |ra| + |c| < |a| + |c| = 1, our norm formula is valid for each operator Cϕr . For

any polynomial f , the functions f ◦ϕr converge to f ◦ϕ pointwise on the closed unit

disk. Hence Fatou’s lemma dictates that

‖Cϕ(f)‖2 ≤ lim inf
r↑1

‖Cϕr(f)‖2 ,

from which we see that

‖Cϕ‖2
(1) ≤ lim inf

r↑1
‖Cϕr‖2

(1)

= lim
r↑1

2 |ra|2

1 + |ra|2 − |c|2 +

√(
1− |ra|2 + |c|2)2 − 4 |c|2

= |a|.

We appeal to Lemma 6.7 to establish the reverse inequality:

‖Cϕ‖2
(1) ≥ ‖Cϕ‖2

e = |a|.

Therefore our formula is valid for every linear fractional ϕ : D→ D with ϕ(0) = 0.

Combining the results of Lemma 6.7 and Theorem 6.10, we make the following

observation:

Observation 6.11 Let ϕ : D → D be a nonconstant linear fractional self-map of

D with ϕ(0) = 0, as in (6.1). Suppose that |a| + |c| = 1, so that the operator Cϕ is

noncompact; then ‖Cϕ‖2
(1) = ‖Cϕ‖2

e = |a|.

In light of this fact, our next result follows immediately:

Theorem 6.12 Let ϕ : D → D be a nonconstant linear fractional self-map of D

with ϕ(0) = 0, as in (6.1). Suppose that |a| + |c| = 1, so that the operator Cϕ is

noncompact; then ‖Cϕ‖2
(n) = ‖Cϕ‖2

e = |a| for all n ≥ 1.
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Proof. We know that ‖Cϕ‖e ≤ ‖Cϕ‖(n) ≤ ‖Cϕ‖(1) for any integer n ≥ 1. Since

‖Cϕ‖(1) = ‖Cϕ‖e, all of these quantities must be equal.

In other words, these maps provide a nontrivial example of situation (2), as de-

scribed at the end of Section 6.2. They also serve as a counterexample to the hypoth-

esis that ‖Cϕ‖(1) > ‖Cϕ‖(2) for any non-inner ϕ.

The astute reader will notice a definite resemblance between Theorem 6.10 and

Proposition 4.4; the methods of proof and the actual norm formulae are strikingly

similar. This correspondence is not accidental. An alternate proof of Theorem 6.10

helps to shed light on this situation:

Alternate proof of Theorem 6.10. In his proof of Theorem 5 in [9], Cowen showed that

the adjoint C
(∗,1)
ϕ : H2

(1) → H2
(1) is unitarily equivalent to the operator aCσ : H2 → H2,

where σ(z) = az − c. Hence Proposition 4.4 dictates that

‖Cϕ‖2
(1) =

∥∥C(∗,1)
ϕ

∥∥2

(1)
= |a|2 ‖Cσ‖2

(0)

=
2 |a|2

1 + |a|2 − |c|2 +

√(
1− |a|2 + |c|2)2 − 4 |c|2

for any such ϕ.

This point of view also provides further insight into Observation 6.11. Reworded

slightly, that result simply states that the operator Cϕ : H2
(1) → H2

(1) is extremally

noncompact. This fact makes more sense once we recognize that aCσ : H2 → H2,

which is unitarily equivalent to C
(∗,1)
ϕ : H2

(1) → H2
(1), possesses the same property.
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